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Related Literature

Fama and MacBeth (1973) statistical methodology

Tests of expected return linearity – include other variables

Various multivariate tests against general alternative

Many use CSR R2 for average returns as measure of goodness-of-fit

Models are at best useful approximations

R2 descriptive statistic – point estimate, no formal inference
Lewellen, Nagle, Shanken (2010) explore inference about R2 through 
simulations

We derive asymptotic distribution of the CSR R2

Obtain distribution of difference of R2s for competing models

Do some multiple model comparison as well
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Asset-Pricing Model Comparison

(CAPM): 

(C-LAB): conditional CAPM of Jagannathan and Wang (1996) with labor 
income

(FF3): Fama-French (1993) three-factor model 

(ICAPM): Petkova (2006) specification of Merton’s (1973) intertemporal 
model
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Asset-Pricing Model Comparison 2

(CCAPM): unconditional consumption model

(CC-CAY): conditional version of CCAPM due to Lettau and Ludvigson 
(2001)

(U-CCAPM): ultimate consumption model of Parker and Julliard (2005)

(D-CCAPM):  durable consumption model of Yogo (2006)
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Notation
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Notation 2
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Distribution of the CSR Estimator and R2

EIV adjustment term - Shanken (1992), Jagannathan and Wang (1998)

Misspecification-adjustment term – Shanken and Zhou (2007)

Fama-MacBeth – gives variance with no beta estimation error under 
exact linearity of expected returns in betas

All generalized here under very weak assumptions

CSR R2 asymptotically normal when 0 < ρ2 < 1

Complicated asymptotic distributions at the extremes, ρ2 = 0  or  ρ2 = 1
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Comparing Competing Models

Let f1, f2, and f3 be three sets of distinct factors

Model A uses f1 and f2 , Model B uses f1 and f3 as factors

When K2 > 0 and K3 > 0, the two models are non-nested

When K3 = 0, model A nests model B 

With nested models

  
2

2 2
A B A,2 K

0if and only if

CSR coefficient on the simple beta (not the usual multiple regression 
beta) indicates whether a factor adds to model explanatory power

Tests based on asymptotic distribution of                under null2 2
A Bˆ ˆ  2 2

A B 
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Test of Equivalent Performance for Non-Nested Models

General test requires sequential inference

We focus mainly on the last scenario – normal distribution

2 2
A B 

2 2
A B 1  

In general, 3 different ways we can have

Both models perfect even though factors differ:

2 2
A Bˆ ˆ Three different asymptotic distributions possible for

2 2
A B0 1   

The non-common factors are totally irrelevant for each model,
so pricing errors are identical

Non-common factors relevant but both models are still imperfect:



10

Test Portfolios

Asset Returns:  February 1959 to July 2007  (T=582)

Main Analysis:

25 FF size-B/M portfolios + 5 industry portfolios

Robustness tests:

25 FF size-B/M portfolios + 5 industry portfolios + 3 FF3 factors

25 FF size-B/M portfolios  (fewer rejections in model comparison)

25 size-beta portfolios



11



12

Risk-Premia Coefficients - Gammas

Ultimate and durable consumption factors cg36 and cgdur, value-growth 
factor hml and prem state variable reliably positive at 5% level
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Risk-Premia Coefficients FF3 (OLS)
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2 2
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2 2
row columnR R
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Additional Results

A misspecified model will perform better on some test assets than others

Explore robustness using 25 size-beta portfolios

CC-CAY OLS R2 now 87.4% (36.6% earlier), about same as ICAPM, and 
dominates FF3 at 5% level

CC-CAY highest GLS R2 43.2% and only model not rejected 

In earlier analysis, 

Zero-beta rates ranged from 0.96% to 2.2% per month

Coefficient on market beta always negative and often significant

Should model be given “credit” for explanatory power in these cases?

Explore excess-returns specification with excess zero-beta rate 
constrained to equal 0
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Unconstrained OLS:  D-CCAPM was top model, followed by ICAPM and FF3
Unconstrained GLS:  FF3 was top model, followed by ICAPM and D-CCAPM

Now D-CCAPM in 6th place and cgdur no longer significantly priced

CSR Analysis with Constrained Zero-Beta Rate
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Constrained Model Comparison Results 

FF3 dominates CAPM (OLS and GLS), CCAPM and D-CCAPM (both GLS) 
at the 1% level; almost beats C-LAB (GLS) at 5% level

ICAPM almost dominates CAPM (OLS and GLS) at 5% level 

FF3 dominates more models statistically, yet ICAPM has higher R2s 

ICAPM has highest standard error of GLS R2  

About twice as large as FF3 standard error 



Conclusions

ICAPM and FF3 stand out as the best performing models

ICAPM never dominated but doesn’t dominate other models very often

FF3 frequently dominates other models, but shows vulnerability with size-
beta portfolios

Important to take precision into account in comparing R2 statistics
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Simulations

25 FF size-B/M portfolios + 5 industry portfolios,  T = 600

Report rejection rates for nominal 5% level tests

Specification tests (FF3 true null)

R2-based test:  (5.0% OLS, 7.8% GLS)

F-test:  (5.5% OLS, 5.6% GLS)

Tests of ρ2 = 0 (FF3 true null) and nested model comparison test

All correct size

Normal test for equality of true R2s  (FF3 and C-LAB equal under null)

(5.8% OLS, 2.7% GLS)

Multiple model comparison inequality test (all models same under null)

(3.3% to 5% OLS, 2.7% to 6% GLS)
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Multiple Model Comparison

Searching for significant results overstates statistical significance

True p-value larger than nominal level

Ex.  FF3 dominates C-LAB (p-value 2.5%) with GLS estimation 

Can we reject C-LAB from multiple model comparison perspective?

Develop test of joint hypothesis that a given model is at least as good as a 
set of p alternative models

Let ρi
2 = population CSR R2 of model i and let δ = (δ2, . . ., δp), 

where δi
2 = ρ1

2 - ρi
2 

H0: δ ≥ 0r  with r = p−1     Model 1 is not dominated by any other model
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Multiple Model Comparison 2

Non-nested models:

Adapt likelihood ratio test of Wolak (1987, 1989):                                              

LR = T*min has “chi-bar” distribution under null

Nested models:  e.g., CCAPM in CC-CAY and D-CCAPM

Create single expanded alternative model: cg, cay, cay*cg, vw, cgdur
and use earlier pairwise model comparison test

Consider
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Multiple comparison tests also confirm the decline of D-CCAPM with excess
returns, and the decline of FF3 with size-beta portfolios (rejections at 5% level)


