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Outline for Handout
Warm-up: Counting Triangles ,Brain Aerobics (5 minutes). An alternate warm-up is Problem 1, pg 9.
Introduction
Part 1: Active Problem Solving [We explore a problem individually (15 minutes). Then we summarize
problem-solving steps and strategies. We return to our problem-solving individually or in pairs.]
Part 2: Introduce Courses or Topics with Activities that Promote Discovery and Problem Solving
Part 3: Problems that lead to or extend Digit Challenge, Math Maps, and Party Puzzle
Workshop focuses on Parts 1, 2, and 3
Part 4: More Problem Solving Problems
Part 5: Biography and Bibliography and Still More Problems
Part 6: Selected Answers (Breaking mind set; tables for multiplying and factoring polynomials)
Appendix: Tile Trinomials, Four Approaches, Master for Tiles

Warm-up [A warm-up at the start of class provides a transition from events outside the classroom to the
activities, thinking, and learning inside the classroom. The warm-up may review key ideas or lead into
some part of the lesson. Don’t make the warm-up too hard or students will get in the habit of giving up
before trying.]
For this warm-up problem, write notes on what you do to Understand the Problem. Before diving into
your solution, write a sentence describing your approach to the problem; that is, What is your plan?
Problem: Count the number of triangles. As you can see from this problem, problem solving may be
currently known as Brain Aerobics, Brain Fitness, Mental Gymnastics, etc.
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Introduction
Problem Solving means engaging in a task for which the solution method is not known in advance. I
have three criteria for problems:
A task that catches a student’s attention with a surprise in the problem statement or in an
unexpected outcome. The attention is not universal because of individual’s learning preferences
(visual, verbal, kinesthetic, symbolic, numeric).
A task for which there are multiple approaches to a solution.
A task for which there are multiple solutions. Although multiple-solutions problems are difficult
to find, they are more realistic of every-day life.
This packet contains a selection of favorite problems from my teaching in junior high school, senior high
school, and community college. The packet also includes a number of activities used to introduce a
course or a topic. These activities have some elements of problem solving. Scattered through the packet
are comments that are exactly what I have said to my students. For example:
To the Student: You attend class and you intend to work hard. While it is easy to measure your
success in attending, how can you measure how hard you are working?
Is time spent studying examples a good measure? You should review textbook or online
examples as illustrations of key ideas but when you depend solely on examples for how to do
homework exercises, you are mimicking and not really learning. You would be correct in
observing that mimicking will give you no help in the real world. Learning (the goal of trying
hard) goes beyond mimicking.
Is total time spent working homework a good measure? How you use your time may be more
important than the length of time. Reading math text material before class and trying selected
exercises permits you to use class time to identify important ideas, ask questions, and look at the
big picture of examples, activities, or exercises done in class. [This strategy is the basis for a
“flipped” classroom.] Many successful students do their homework in short blocks of time,
between classes, while riding a bus, before dinner, early in the evening, early in the weekend.
What you want to develop (by “working hard”) is a set of skills that you can apply when you
cannot find a quick solution. We define “Problem Solving” as a foundation for these skills.
Initially, four problem-solving steps describe our working hard: understand, plan, carry out our
plan, and then check and extend.
Problem-solving steps are just the beginning. With the steps as a start, your check and extend
will let you ask yourself what the examples have in common and what would happen if some
assumption or given information changed. [Bloom’s taxonomy of thinking skills starts with
comprehend and apply. Then it goes on to analyze, synthesize, and evaluate. However this is
another talk!]
As you will see, problem solving is more than comparing the problem you are given with an
example in the textbook.
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Part 1: Problem Solving Focus: Understand the Problem
Choose one of the three problems below and work on it by yourself for 15 minutes. Do not use any
computer or phone resources. We are practicing the first problem-solving step: Understand the Problem.
That is, spend enough time with a problem to give your brain opportunity to get involved.
After you choose, fold the page so you cannot see other two problems. Begin work using a blank sheet
from the center of your table. Write notes as to what you do to understand the problem and tasks you
might try in solving the problem. Keep a list of any assumptions you make, write a comment as to why
you made that assumption, and whether your assumption is stated or implied in the problem. These are all
tasks to help you get involved with the problem.

A. Ten-Digit Challenge (Martin Gardner, Scientific American…See Biography and Bibliography for
more information on people and publications.)

Find a ten-digit number such that the first number tells how many zeros in the number; the
second number tells how many ones in the number; the third digit tells how many twos in the
number; and so forth, until the last digit tells how many nines in the number.
__ __ __ __ __ __ __ __ __ __
0s 1s 2s 3s 4s 5s 6s 7s 8s 9s
B. Math Maps (Credited to Henry E. Dudeney, 1847-1930, by Martin Gardner in Scientific American)
Fold the paper [Map 1] on the lines so the rectangular sections are in serial order. The section numbered
“1” should be face up, on top of the stack of sections. The numbers on the following sections need not be
right side up nor all facing the same direction.
Map 1
Map 2

You might write a description of your process with sketches and letters such as V for “valley-fold”
between numbers. Repeat for Map 2. [Math Maps are my name for these folding problems.]

C. Party Puzzle is based on a problem from George Polya’s Mathematical Discovery, Vol 2, pg. 192.
“How many children have you, and how old are they?” asked the guest, a mathematics teacher.
“I have three girls,” said Mr. Smith. “The product of their ages is 72 and the sum of their ages is
the street number.”
The guest went to look at the entrance, came back and said, “The problem is indeterminate.”
“Yes, that is so,” said Mr. Smith, “but I still hope that the oldest girl will someday win the
Stanford Mathematics Competition*.”
Tell the ages of the girls, stating your reasons.
*(A test given to high school age students at the time this problem was published.)
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Problem-Solving Steps are based on George Polya’s How to Solve It. The strategies that follow each
step are from a variety of sources, including Polya.
Understand the Problem
Read the problem several times. (Jack Lochhead, see Biography, made pointed comments on how
many times successful engineering students read problems.)
Take notes on the problem. Identify conditions and record your assumptions.
Paraphrase the problem (out loud to yourself or to another student).
Write short definitions of key words; identify unfamiliar words; write operations suggested by
key words; write implications suggested by non-mathematical words.
Make a sketch to identify relative positions and possible relationships.

Make a Plan
Try a simpler problem; identify and record how one might simplify the problem.
Change the information to a different form (visual, verbal, numerical, symbolic).
Suggest on an appropriate picture or geometric figure.
Define variables, as appropriate.
Consider use of a calculator table or spreadsheet, plan column headings.
Predict likely patterns and make estimates of reasonable answers.
Recall a similar problem.
What else can I do while I figure out what to do?

Carry Out the Plan
A journey of a thousand miles begins with a single step…once you take that first step, you may
see the problem from a different perspective.
Be tidy enough in your writing so as to be able to come back later and not repeat the effort.
Obtain definitions of unfamiliar words.
Be systematic in making lists.
Set up graph paper or graphing calculator.
Draw careful pictures, to scale.
Stand up and stretch periodically.
Consider your assumptions “Am I making assumptions that are not part of the problem?”
Am I thinking openly about the problem? What other settings might be considered? Do I have a
“mind set.”
After getting stuck, take an appropriate break. Work on material for another course.
Starting homework right after class, before preparing dinner, early in the evening, and early in the
weekend means being able to work for an hour, do something else, and come back later with a
fresh view.

Check and Extend
Does the answer agree with the estimate?
Does the answer make sense?
Have I explained my assumptions and noted any changes in assumptions?
Have I explained the thinking or reasoning that allowed me to solve the problem?
How would the results change if I used different conditions or assumptions?
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Part 2: Introduce Courses or Topics with Activities that Promote Discovery and
Problem Solving
Course or topic openers are intended to provide a level playing field. An opener is a problem new to
everyone. The opener gives a big picture, makes connections with other topics, places the course in
context, and/or previews material in higher level courses such as calculus. Why the latter? We need to
motivate students to continue in mathematics, not just pass our course! It is a bonus when the opener
surprises students with a non-intuitive result. Activities I to III could be used to open a calculus course.

I. Average Velocity (Instructor: Rational Expressions activity or Intermediate or
College Algebra opener)
An airplane travels 100 miles at 300 miles per hour and a second 100 miles at 500 miles per
hour. What is the average velocity for the whole trip?
1.
Is 400 miles per hour the average velocity for the whole trip? By what reasoning would
this make sense? Explain in complete sentences.
2.
The original question asked for the average velocity for the whole trip, not the average of
the two velocities.
a.

What is the total distance traveled?

b.

What is the total time for the trip?

c.
Using velocity equals the quotient of total distance and total elapsed time, what is
the average velocity for the whole trip?
d.
Write a formula for average velocity over the total of two equal-distant parts with
velocity v1 for the first part and v2 for the second part.
3.
Suppose we have completed the first 100 miles at v1 = 300 miles per hour and can travel
any positive velocity, v2, for the second 100 miles. Using a calculator table or a spreadsheet, is
there a fastest average velocity for the total trip? If so, what is that velocity and for what value
of v2 are we within 10 miles per hour of the fastest velocity. If not, show your reasoning.
To the Student after completion: In a calculus course we say the fastest average velocity is the limit.
More formally, the limit of the average velocity, as the velocity of the second 100 miles approaches
infinity, is twice that of the first 100 miles. Limits are part of the first semester of calculus. Finding
input values for which we are within a certain distance from the limit is a common exercise. An
informal definition for the Limit of a Variable: A quantity such that the difference between it and the
variable can be made to become and remain as near zero as one pleases. (from James and James, ed.
Mathematics Dictionary, D. Van Nostrand Company, Inc. NY. 1959)
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II. Motivating Related Rates: Ripley’s Believe It or Not (Instructor:
Pythagorean Theorem or Radical Equations activity, College Algebra or Calculus opener)
1. A yardstick (36 inches) is vertically flat against the wall. How far from the wall should I pull
the bottom end in order for the top of the yardstick to drop by 1 inch? Write down a guess. Then
think about the properties of square numbers and make a reasoned estimate.
2.a. Now guess the total distance from the wall for the top of the yardstick to be 2 inches from
the original position. Use the Pythagorean theorem to set up an equation to solve for the total
bottom distance moved. Solve your equation. Next, how much additional distance results from
the second inch drop?
2.b. Does the additional movement of the bottom end appear to be an increasing or a decreasing
function?
2.c. Imagine that you move the top of the yardstick x inches from the original position. Write an
equation using the Pythagorean theorem to find the total distance, y, that the yardstick is from the
wall. Use a calculator table to examine the equation. For what value of x does a one-inch drop
in height result in the bottom end moving less than one inch?
3. Maximum with the Area Function: Dropping in 1-inch increments from 36 inches, calculate
the area of each triangle formed by the yardstick, the wall, and the floor. Describe the area with a
function. Describe the change in the areas. Is there a greatest area? [For graphing let x be the
amount the top drops so height of the triangle is 36 - x and let y be the area.]
To the Student: That the ends of the yard stick did not change positions by the same
amount may be surprising. If we say the top drops 1 inch per second in the first second,
then the bottom changes about 8.5 inches per second in the first second. These are rates
and they change with the position of the yardstick. The rates of change of position are
related by the Pythagorean theorem and, hence, called related rates. Related rates and
the maximum of a function are used in the first semester of calculus.
Number patterns help estimate answers. In Step 1, 352 + 35 + 36 = 362 is a numeric
form saying that the distance between two square numbers is the current number being
squared added to the next number being squared. Prove this pattern by simplifying both
sides of the first equation:

x2

x ( x 1) ( x 1) 2 , so in a 2 b 2

c2 , b2

x ( x 1)

In Step 2, the same number pattern helps. Prove it by simplifying both sides of
x 2 x ( x 1) ( x 1) ( x 2) ( x 2) 2
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III. Comparative Ages (Instructor: Rational Functions activity, Calculus opener)
Think of a mother and child you for whom you know ages.
1. At the top of the second column, write the mother’s age when the child was born.
Complete the table for child’s age 0 to 5, mother at age 70, and the last row in terms of x.

Child’s Mother’s Difference Quotient of Ages Ratio
Age, x Age
in Ages
(mother / child) of Ages
0
1
2
3
4
5

x

70
y1=

y2 =

y3=

2. What type of function is y1?
3. As the child’s age increases, what happens to the difference in ages? What type of
function is y2?
4. What result do we get as the first entry in the column for the quotient of the mother’s age
to the child’s age? Why? What type of function is y3? What conditions must we state
for the function?
5. Other questions on quotients and ratios
a.
Give an example where a ratio of 20 to 0 makes sense.
b.
At what age will the child be when the quotient of ages is 2?
c.
What is the quotient of ages when the child is 70?
d.
What number does the quotient column seem to be approaching?
e.
Will the ratio of ages ever reach exactly 1 to 1? Explain in a sentence.
6. At what child’s age will the quotient be approximately1.3? At what child’s age will the
quotient be approximately 1.1? Are either likely in a normal lifetime?
7. Complete: For x greater than ___, the quotient of ages will be between 1 and 1.25. More
formally,
for x > ____, | y3 – 1| < 0.25.
To the Student: As the child’s age gets large, the quotient of the ages approaches 1. In
calculus we say the limit of the quotient of ages, as the child’s age approaches infinity, is
1. Limits are part of the first semester of calculus. Finding values for which we are
within a certain distance of the limit, as in Part 7, is important in the theory of limits.
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IV. Ellipse Puzzle and Potatoes (Instructor: Conic Sections activity)

0. The original area of the ellipse is ab .
1. Sketch your solution to the puzzle.
2. Label a and b and identify the area inside that has been “added” by your re-arrangement.
3. What happens to the shape of the circumference as the “added” area approaches zero?
What would this say about a and b?
Why potatoes? Note that a cross section of a nice potato is elliptical. Cut out an elliptical slice,
then cut along the axes as shown in the elliptical figure above. Play with the four pieces of the
slice to solve the problem. Who says that playing with our food can’t be constructive!
To the Student in previewing calculus: As the area of the shape inside the solution
approaches zero, the circumference becomes circular. In the ellipse, as the lengths of the
axes become equal, the ellipse approaches a circle. Limits are a topic in first semester
calculus.

Instructor preface to Activity V: Building Rectangles from Algebra Tile Sets
Why Tiles?
1. Distinguish x from x2
2. Distinguish an area of x square units from a length of x units
3. Clarify adding like terms
4. Introduce variables into area and perimeter
5. Give visual form to multiplying and factoring polynomials
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V. Building Rectangles from Algebra Tile Sets (Instructor: Polynomials)
Assumption: The rectangular tile has length x and width 1. Build one rectangle from each set of tiles.
1. a. Draw your rectangle, identify the length and width, and write the total area of the tiles.

b. Draw your rectangle, identify the length and width, and write the total area of the tiles.

c. Draw your rectangle, identify the length and width, and write the total area of the tiles.

d. Draw your rectangle, identify the length and width, and write the total area of the tiles.

e. How could part 1d lead to factoring a gcf?
2. Does x² + x + 1 make a rectangle?
3. Does x² + 4x + 4 make a rectangle? What kind of a rectangle?
4. Do the trinomials in 2 and 3 factor?
5. How are factoring a trinomial and the tiles making a rectangle related?
(Parts 1e, 4, and 5 are for instructor’s activity and would not be used on the student worksheet.)
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Multiplying and Factoring by Tables (My introduction to polynomial tables was in Vision in
Elementary Mathematics, W. W. Sawyer, p. 206.) Identify the following patterns in the tables:
The left column of the table and top row contain the factors of ax2 + bx + c.
The remaining inner rows and columns contain the products.
Sum of individual products is the product as a trinomial or binomial.
Location of first, ax2, and last, c, terms in the trinomial is on the backward inner diagonal (like a
backward slash).
Location of the like terms is on the forward inner diagonal (like a slash or forward slash)
EQUAL DIAGONAL PRODUCTS: The product of the first and last terms equals the product of
the like terms (also known as the ac product rule)
Compare the patterns in the tables with the multiplication table from arithmetic:
Does the EQUAL DIAGONAL PRODUCTS apply to any square group of four adjacent entries on the
multiplication table?

Why the Polynomial Table Form?
1. Fast, accurate, permits discovery
2. Releases time for other topics
3. Provides visual approach to factoring ax2 + bx + c
4. Reproduces effectiveness of the “master product” or ac method of factoring without factoring by
grouping*
5. Contains FOIL but is more general in that it applies to products of monomials, binomials, and
trinomials (or any other)
6. Provides a visual display for square of a binomial and difference of squares as well as the sum
and difference of cubic expressions
7. Extends to completing the square. Hence useful in derivation of quadratic formula.
8. Is a transition from tiles to symbolic forms
*In the ac method, we multiply the first and last coefficients and then examine all the factors of the
resulting product, ac, for a pair of factors that add to the middle coefficient, b, of the trinomial to be
factored. Students are often confused as to where to place the pair of factors in the factoring- bygrouping step. In the table we keep the variables on the product (ax2 by c). Because students know that
the two diagonals have equal products, placement of the pair of factors into the forward diagonal on the
table is done without hesitation. Furthermore they can discover that the order of placement on the forward
diagonal makes no difference.
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VI Exponents on Ten (Instructors: Logarithm Activity)
Complete the table. Look for patterns. Do not try to fill blanks in order. Arithmetic but no calculator is
needed. The questions that follow the table may help after you fill blanks you already know.

Ten with Exponents
(5 decimal places)
100
10^ _____
10^ 0.47712
100.5
10^ 0.69897
101
10^ _____
10^ 1.17609
10^ _____
101.5
10^ 1.69897
102
10^ 2.11394
10^ _____
10^ 2.47712

Equivalent Value
(5 decimal places)
2
3
5
13
15
30
31.62278
50
130
150
300

Ten with Exponents
(5 decimal places)
10^ -0.30103
10-0.5
10^ _____
10^ -0.69897
10^ _____
10^ -1.30103
10-1.5
10-2
10^ _____
Others
10^ ________
10^ ________
10^ ________
10^ ________

Equivalent Value
(5 decimal places)
0.5
0.3
0.2
0.1

0.00316

1000
10,000

1. What is the product of 10 and 100? What is the exponent on ten that gives 1000? How are the
exponents on ten for 10 and 100 related to the exponent on ten that gives 1000?
2. What number do you get when you add the exponents on ten for 3 and 5? What is the product of
3 and 5? Compare its exponent on ten with the earlier sum.
3. Compare the exponents on ten for 3 and for 300. Divide 300 by 3. What is the exponent on ten
for 100? Write a fact about this. Find the exponent on ten for 30.
4. Predict the exponent on ten that gives 13 and explain how you did it.
5. Multiply 10 times 300. Multiply 30 times 100. Explain two different ways to obtain the exponent
on ten that gives 3000.
6. Explain how the exponent on ten that gives 150 could be found in three different ways from the
table.
7. What is the product of 2 and 5? How can you use this fact with the exponent on ten for 5 to obtain
the exponent on ten for 2.
8. If 10^x gives 7, then what is the exponent on ten that gives 70? What is the exponent on ten that
gives 700?
9. If 10^x gives 70 then what is the exponent on ten that gives 7 or one tenth of 70.
10. If 10^x gives 7, then what is the exponent on ten that gives 0.7 or 7/10? What is the exponent on
ten that gives 0.07 or 7/100?
11. Subtract 1 from the exponent on 10 for 2. Find the result on the table.
12. When we subtract 1 from the exponent on 10 for 3, we are dividing by ten. Write the exponent on
ten for 0.3.
12

13. Why do the exponents on ten for 2 and 0.5 have the same decimal digits? Name another pair of
numbers that have the same relationship.
14. Explain how to use the exponent on ten for 3 to obtain the exponent on ten for 9 in two ways.
Historical note: In the centuries before calculators, the exponents on ten were popular because they
permitted doing multiplication by adding exponents on ten and looking up the corresponding value.
[Instructor: This activity introduces common logarithms and properties, without the vocabulary and
without formal statement of the properties. In Intermediate Algebra, practice sheets such as this give
students experience in thinking about exponents on ten. Such practice makes more natural the
definition of logarithms and the equivalence with Euler’s forms: log10 x
and logb x

y is the same as x 10 y

y is the same as x b y . The practice also facilitates student understanding when

stating the properties of logarithms. For example, state a property and ask students to give an
example from the table.]
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Part 3: Problems related to earlier problems
Problem: Digit Challenge
A. List the four two digit numbers that need to be considered as possible answers for “Find a two-digit
number so the first digit tells how many zeros and the second digit tells how many ones.” Explain why
each does not satisfy the conditions.
B. List several three-digit numbers that might be considered as possible answers for “Find a three-digit
number so the first digit tells how many zeros, the second digit tells how many ones, and the third digit
tells how many twos.” Explain what digits must be considered. Explain what digits cannot be
considered. Explain which group(s) of three digit numbers can be immediately disregarded. Do the
remaining three digit numbers contain an answer?
C. Find the solution for four digits and other numbers of digits up to ten digits.
Problem: Math Maps (Maps e and f are from Henry Dudeney. The rest are Alice’s.)

Problem: Four Money Values (This provides a hint for getting started in Party Puzzle.)
Find four money values which add to $6.75 and which multiply to $6.75.
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Problem: Book signatures are an application of Math Maps. Pages for a book are traditionally printed
in multiples of four (called signatures) on a single sheet of paper which is folded, sewn on the central
fold, and trimmed before being glued with other signatures into the cover. The trimming removes the
edge containing the fold. Readers in earlier times periodically needed a knife to cut an untrimmed fold.
1. How might the individual pages in a 32-page signature be printed on a single piece of paper to place
the pages in order and in the correct orientation when folded? 2. Is your solution unique? Can your
solution be sewn before trimming? 3. What number patterns do you observe in your solution? Do the
same patterns appear if you fold differently?

Part 4: More Problem-Solving Problems
Sixteen Sheep, by Henry E. Dudeney, 1947-1930, Part 1: In the drawing below, the rectangular barriers
between certain sheep represent hurdles (movable fences). The hurdles separate the sixteen sheep in
groups of 8, 3, 3, and 2. The outside fence of the pen cannot be moved.
Task: Move two hurdles so that the sheep are in groups of 6, 6, and 4. Always place hurdles on the dotted
lines. There are no trick solutions. Hurdles connect on each end with another hurdle or a side. Show your
solution on the right figure by placing an x over the hurdle to move and drawing it in its new position.

Is there still another solution? If so, how is it related to your first solution?
Sixteen Sheep, Part 2: Move three hurdles to get a 6, 6, 4 grouping of sheep. Then try to find the same
groupings (6, 6, 4) by moving four, five, six, and seven hurdles. Solutions should have no loose ends; all
hurdles connect to each other or to the sides of the pen. Extra grids are provided below to record multiple
solutions for the same conditions. Explain how, if at all, the multiple solutions are related.
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Touring with Three Math Teachers or The Ruffles Motel Incident (a true story from 1977)
Three weary teachers stopped at the Ruffles Motel. Their lodging cost $21. They wished to share the cost
equally. Verlaine had seven dollars ($5, $1, $1). Karen had a ten dollar bill and two ones. Alice had a
ten. They discovered a way to give each person the correct change and still pay the manager exactly $21.
How was this possible?
The Ruffles Motel problem leads us into many-stepped river-crossing problems usually involving
missionaries and cannibals. Here are two “try a simpler problem” developed by Karen Billings (in the
Ruffles Motel problem) and Alice for our article “New Techniques for Thinking Clearly,” Ms Magazine,
March 1980.
Sailing, Par 5 (par means the expected number of trips for a successful solution)
Two girls and a woman wish to sail to Nantucket Island. Their Sunfish holds either the two girls or the
one woman. It cannot hold the three of them nor the woman and a girl. If all are competent sailors, how
can all three get to the island in as few trips as possible?
Car Loading, Par 7
Martha has to get her two infant children, Sara and Roger, as well as the family cat, out to the car.
Because Martha broke her arm recently, she can carry only one child or the cat at a time. Unfortunately,
neither child can be left alone with the cat. Sara pulls the cat’s tail, causing general havoc, and the cat
sheds hair on Roger’s brown pants. How does she get everyone to the car in as few trips as possible?
Order of operations: Use the digits in the year 2013 and any operation to obtain the values 1 to 20.
For a term project, post this problem on the wall of the classroom with values 1 to 100 as the goal.
For example: (2 3)!/ (0! 1!) 60 and 2(0! 1 3) 32 . Decide in advance if you will permit
juxtaposition of digits as in 20 – 13 = 7 and 201/3 = 67. For the year 2013, I found values 1 to 20 without
juxtaposition. Perhaps you could allow juxtaposition just for obtaining values 21 to 100. The years in the
1990s were really fun. By the way, I consider to be “elegant” those solutions which leave the numbers in
the years order, like 20 – 13 = 7. This is a fun New Year’s Day activity for math people who tire of
football.
Breaking Mind Set is critical in solving many problems. Here are four examples of differing
assumptions or breaking mind set from my personal experience or colleagues:
a. Being unwilling to send my social security number by email to my sister-in-law, I coded it by telling her
to subtract a certain number (such as 123456789) from my phone number. The difference was my social
security number. She responded that she had done so but the result did not make sense. What went
wrong?
b. My grandmother was x years old in the year x2. In what year was she born?
In response to the grandmother problem, John (a professor at Grand Rapids Community College,
Michigan) offered: My son is heartbroken because he fails by one year of being x years old in the year x2.
In what two years might the son have been born?
c. Bob, a respected colleague who has since passed on, collected Breaking Mind Set problems for use in
his junior high classroom. Regrettably, he didn’t publish his collections. Two typical problems:
16

Explain the setting for “A man saw a man with a mask and was afraid to go home.”
d. “Two mothers and two daughters divided $3.00 among themselves each receiving exactly one dollar.
How is this possible?

Part 5 Biography and Bibliography and still more Problems
Lochhead, Jack was Director of the Cognitive Development Project (early 1970s) with the purpose of
teaching problem solving to first-year engineering students at University of Massachusetts, Amherst. One
surprising activity was giving students a number of circular disks. They were to measure circumference
and diameter, calculate C + D, C – D, C x D, and C/D and state any observations or conclusions. Very
few students recognized in advance the result pi from the division but Lochhead was shocked at how
many freshmen engineering students were truly surprised by the division result. Another activity he
included was measuring sets of similar triangles to result in the “discovery”of the basic trigonometric
ratios. Lochhead worried about students being bored. However, even students who recognized where an
activity was going appreciated the process afterwards because it made them more open to activities that
did teach them something new. It is Lochhead’s work that encouraged me to use basic hands-on and
visual activities in the community college classroom. One of Lochhead’s problems:
Imagine a steel strap wrapped tightly around the earth at the equator. If a one-foot section is added to
the strap, how far off the surface will the strap be? What could move under the strap, e.g., an elephant, a
cat, a mouse, an atom?
This problem was not new to me because I have an April 1, 1942 letter sent to my grandfather, an
engineer, stating the same problem. Apparently it was a legendary puzzle in the engineering community
but requires only introductory algebra to solve. In a Sunday newspaper supplement, Parade Magazine,
Ask Marilyn offered a variation with a 50-foot section being added and could we walk under it?
Another variation from Alice: If your circular waist increases in radius by 1 inch, approximately how
many notches, on one inch centers, will you need to lengthen your belt?
Look for Lochhead as coauthor with Art Whimbey (mentioned below) and with John Clement.
http://people.umass.edu/~clement/pdf/Translation%20Difficulties%20in%20Learning%20Math.pdf
This is a (5 page including cover sheet) 1981 paper describing the difficulties students have in translating
from words into symbols. John Clement, one of the authors, continues to be active in subsequent UMass
projects. John Lochhead, mentioned above, is the other author.
eric.ed.gov/?id=ED151672 is a report by Jack Lochhead on Cognitive Development.
Search for Lochhead and his Cognitive Development Project for Freshman Engineering Students at
UMass, Amherst. The Project evolved into the Cognitive Learning Science Group (CLSG) in the
Scientific Reasoning Research Institute in 1987 and continues today with problem solving for the
sciences. Check out http://www.srri.umass.edu/about
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Whimbey, Arthur, 1940-2004, was coauthor with Jack Lochhead on Problem Solving and
Comprehension. If you seek verbal (word and language) problems, Whimbey is an excellent resource.
For example:
A Problem In Code Breaking: In a foreign tongue lev klula buj means buy green peppers. However,
words in this tongue are not always spoken in the same order as in English. For example, buj does not
mean peppers. Also, ajm buj gyst means big green cars and lkuka lev ajm means quickly buy cars. How
would you say big peppers in this tongue?
Gardner, Martin, 1914-2010 wrote mathematical and puzzle articles for Scientific American for decades
and then published many collections of his articles. These collections are readily available at online
bookstores. For a sample of three puzzles, read this memorial to Gardner’s passing by Philip Yam:
http://blogs.scientificamerican.com/observations/2010/05/22/three-puzzles-from-martin-gardner1914-2010/
Dudeney, Henry E., 1847-1930, wrote logic puzzles and mathematical games. At least two of his books,
Amusements in Mathematics and Canterbury Puzzles have been republished by Dover Recreation.
Polya, George, 1887-1985, is author of How to Solve It and Mathematical Discovery (two volumes), John
Wiley and Sons, Inc, 1962 and 1965 (corrected printings in 1967 and 1968, respectively, if you look for
used volumes). After immigrating from Hungary via Switzerland, he taught at Stanford University.
The opening problem about ages of children came from page 192, Mathematical Discovery Vol. 2. I
changed the problem from three sons to three daughters. A simpler problem, mentioned earlier, is: Find
four money values which add to $6.75 and which multiply to $6.75.
http://www.kfki.hu/~cheminfo/polanyi/9702/frank2.html is the online site (as of October, 2013) where
Tibor Frank wrote George Pólya and the Heuristic Tradition Fascination with Genius in Central Europe in
which he describes The Stanford Mathematics Competition:
Initiated jointly by Professors George Pólya and Gabor Szegõ, one of the most significant Hungarian
contributions to the teaching of mathematics was the introduction of the Stanford Mathematics
Competition for high school students. Modeled after the Eötvös Competition organized in Hungary from
1894 on, the main purpose of the competition was to discover talent, and to revive the competitive spirit
of the Eötvös Competition, which Szegõ himself won in 1912. This contest was held annually for over 30
years until it was terminated in 1928. Stress was laid on inherent cognitive ability and insight rather than
upon memorization and speed. Those who were able to go beyond the question posed were given
additional credit. Those who were cognizant of the preponderance of Hungarian mathematicians were
tempted to speculate upon the relationship between the Eötvös Prize and “the mathematical fertility of
Hungary”. Winners of the Eötvös Prize have included Lipót Fejér, Theodore von Kármán, Alfréd Haar,
George Pólya, Frigyes Riesz, Gabor Szegõ, and Tibor Radó.
The Stanford competition was started in 1946 and discontinued in 1965 when the Stanford Department of
Mathematics turned more towards graduate training. When first started, the Stanford Examination was
administered to 322 participants in 60 California high schools. The last examination, in 1965, was
administered to about 1200 participants in over 150 larger schools in seven states from Nevada to
Montana. The Stanford University Competitive Examination in Mathematics emphasized “originality and
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insight rather than routine competence”. Even a typical question required a high degree of ingenuity and
the winning student was asked “to demonstrate research ability”.
Descartes, René, 1596-1650, is well known for the Cartesian Coordinate System (graphing!). George
Polya in his Mathematical Discovery, Vol 1, page 22, reminds us of Descartes’ Rules for the Direction of
the Mind in which Descartes attempted to create a scheme to solve all types of problems. The scheme
was to reduce any kind of problem to a mathematical problem, then reduce any kind of mathematical
problem to a problem of algebra, and finally, reduce any problem of algebra to the solution of a single
equation. Polya suggests that the “more you know, the more gaps you can see in this project.” Still,
Descartes, one of the greatest minds of the time, was attempting to codify problem solving. His methods
are still reflected today by the categories of word problems appearing in algebra textbooks. Descartes’
probable frustration with his codification is reflected today by our students’ frustration over the lack of
transferability of these categories of word problems into other fields of study. Polya’s work on problem
solving was attempting to create ways of thinking about problems instead of codifying the problems
themselves.
Sawyer, W. W., 1911-2008, was a mathematics educator in England, Ghana, New Zealand, United States,
and Canada. He wrote Mathematicians Delight, Prelude to Mathematics, What is Calculus About? and
others which have inspired people to become mathematics teachers and many instructors to change their
teaching methods. Human Blood Groups is related to visual thinking and tables for polynomial
multiplication and factorization. Human Blood Groups is adapted from The Search for Pattern, Penguin
Books, 1970, page 274.

Human Blood Groups
In a research experiment of 10,000 children, tests of their blood show:
3507 are A1; 973 are A2; 4356 are O; 828 are B; 252 are A1B; and 84 are A2B
Although a child receives a different gene from each parent, one gene tends to dominate. The resulting
blood types from dominate genes follow these rules:
Genes OO result in O and is written OO → O
BB, OB, BO → B
BA1, A1B → A1B
BA2, A2B → A2B
OA1, A1O, A1A1, A1A2, A2A1 → A1
OA2, A2O, A2A2 → A2
Given the number of children in each blood type, find the percents of the O, A1, A2, and B genes in this
population.
Organizing information within the table will help. Note that 10,000 is 100 times 100. Assume that the
percents of each gene from the mother, O, A1, A2, and B, is the same as the percents from the father.
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A few online sources of problems:
http://www.usma.edu/math/SitePages/Problem%20of%20the%20Week.aspx (West Point)

http://mathnexus.wwu.edu/ Jerry Johnson, Western Washington University
Car talk puzzlers are often math-based and you can find their old puzzles:
http://www.cartalk.com/content/puzzlers These folksy brothers, Tom and Ray Magliozzi, are
Massachussets Institute of Technology (MIT) graduates living in Cambridge, MA.
http://www.stanford.edu/~kdevlin/ Philosophical and practical perspectives as well as MOOCs.
And a really interesting perspective on MOOCs: http://larrycuban.wordpress.com/2012/11/21/moocsand-hype-again/ We have to consider the completion rates before raving about online education that
people for which people pay tuition!
www.amatyc.org AMATYC sponsors the Student Math League competition. This is a great math
club idea for your school. You will observe awards for the Student Math League at your AMATYC
regional meeting and at the Saturday breakfast. Students from community colleges across America
compete on challenging questions. These questions are models on how to write multiple choice questions
that cannot be solved by working backwards from the choices. For questions with keys since 2004, go to
www.amatyc.com and choose competition questions from the menu for Student Math League.
Part 6: Selected Answers (The answers to the challenging problems are not here. Send an email to
kaseberg_alice@msn.com and tell me what you have figured out and I’ll ask you additional
questions. My goal is to help you become better problem solvers so you, in turn, can help your
students. )
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Count the triangles: The problem as shared with me indicated in a “correction” 23 triangles. I found 24
triangles with systematic counting of triangles containing exactly 1 triangle, then containing 2 triangles,
then 3 and so forth, up to the entire figure containing 9 triangles.
Polya’s Party Puzzle problem and Whidbey’s Code Breaking problem both have something in common:
Information that seems to be unimportant or “throw away” is essential to the solution.
Answer to Breaking Mind Set: I had been thinking of my phone number as xxx-xxx-xxxx whereas my
sister-in-law interpreted the phone number as 1-xxx-xxx-xxxx. The age in age squared problem narrows
quickly if you consider the possible answers. Start by assuming that my grandmother could not have
been 10 years old in the year 100. I was born in 1945 and my grandmother in the 1800s. The masked man
was the catcher on a baseball (or softball) team and the other man was a runner on third base. Warning:
We have to be careful with any sport or game reference. The problem should not be used with students
who don’t have the sports background it requires. Maybe because of terrorists it is no longer appropriate
to use. Three dollars is split across three generations: grandmother, mother, daughter.

Answers continued: Building Rectangles from Algebra Tile Sets
1a. Length and width are (3x + 1) and (x + 1) with 3x² + 4x + 1 area

1b. Length and width are (3x + 2) and (x + 1) with 3x² + 5x + 2 area

1c. Length and width are (2x + 1) and (x + 3) with 2x² + 7x + 3 area

1d. Length and width are shown below. All contain 2x² + 8x + 6 in area.

(2x+2)(x+3)

(2x+6)(x+1)

2(x+1)(x+3)
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1e. How could problem 1d lead to factoring a gcf? A gcf exists if we can separate tiles into two groups of
identical sets of rectangular tiles.
2. Does x² + x + 1 make a rectangle? No
3. Does x² + 4x + 4 make a rectangle? Yes, a square
4. Do the trinomials in 2 and 3 factor? No
5. How are factoring a trinomial and the tiles making a rectangle related? If the tiles make a rectangle,
the trinomial factors into the dimensions of the rectangle.

Answers: (Multiplication and Factorization with Tables, page 10): 1. 6x2 13x 6
2. 12 x2 7 x 12 3. 10x2 17 x 3 4. 6 x2 19 x 20 5 and 6 blank 7. (2 x 3)(5x 1)
8. (2 x 3)(3x 2) 9. (4 x 3)(3x 4) 10. ( x 4)(2 x 1) 11. (2 x 5)(2 x 5)
12. (3x 5)( x 1) After #12, try adding a column to #6 and enter x 3 y 3 inside the table and x
– y in the left column. Complete the rest of the table to show that memorization of the difference
and sums of cubes is not necessary…they can be derived knowing the first factor.

Appendix
Trinomials for tiles The commercial student set of algebra tiles contain 4 large squares, 8 rectangles,
and 20 small squares. For your convenience, here is a selection of factorable trinomials with positive
terms that can be built with the set. Assume the small square has side of length 1 unit.
x² + 2x + 1
x² + 6x + 9
x² + 7x + 10
x² + 7x + 12
x² + 6x + 5
x² + 6x + 8
x² + 8x + 16
x² + 8x + 7
x² + 8x + 15

x² + 4x + 4
x² + 7x + 6
x² + 8x + 15
x² + 5x + 6
x² + 4x + 3
x² + 5x + 4
x² + 8x + 12
x² + 3x + 2
x² + 6x + 9

2x² + 3x + 1
2x² + 4x + 2
2x² + 7x + 3

2x² + 5x + 2
2x² + 8x + 6
2x² + 7x + 6

3x² + 7x + 2
3x² + 6x + 3
3x² +8x + 4

3x² + 5x + 2
3x² + 4x + 1
3x² +7x + 4

4x² + 5x + 1
4x² + 4x + 1
4x² + 8x + 4
4x² + 6x + 2
To this point, all work has been limited to positive terms. Negative terms are defined with a second
color. For a free practice site with algebra tiles:
http://staff.argyll.epsb.ca/jreed/math9/strand2/2210.htm
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The Fourfold Approach

Numeric, symbolic, verbal, and visual are included in the fourfold approach. Within
developmental algebra, the numeric approach includes number patterns and tables; the symbolic
approach includes algebraic and set notation; and the verbal approach includes written and
spoken communication. Visual too often stops with the graphs and the graphing calculator.
Observe how the concept map above gives a visual explanation for the paragraph below it.
This illustrates different ways to present information to students having a variety of learning
styles. The visual format above is made with a free software called C-map, for concept maps.
Available at http://cmap.ihmc.us/download/
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Answers to Selected Course or Topic Opening Activities
I. 1. 400 is averaging the velocities. The average velocity for the whole trip requires the total distance
divided by the total time for the trip. 2.a. 200 miles 2.b. Total time is 100/300 + 100/500 = 1/3 + 1/5
hour = 8/15 hour 2.c. 200 divided by 8/15 is 375 miles per hour average velocity
200 miles
2v1v2 3. Enter y 2(300)v2 , let x = v₂ on the
2.d. The average velocity is
100 miles 100 miles v2 v1
v2 300
v1
v2
calculator and observe y, the average velocity for the trip, as the second velocity increases. The average
velocity never exceeds 600 as suggested by the table below, on left. By calculator table, for v₂ > 17,700
mph, the average velocity for the trip is within 10 mph of 600. This can be confirmed algebraically by
letting y = 590 and solving for v₂ . See table below on right.

II. 1. From the hint, 35 + 36 = 362 - 352 and the difference between the squares is 71. The square root of
71 is about 8.5. We will need to pull the bottom end about 8.5 inches from the wall. 2.a. 342 + 34 + 35 +
35 + 36 = 352 so the difference between the squares is 140, a total movement of the end of almost 12
inches; a change of approximately 3.5 inches. 2.b. Decreasing 2.c. Simplifying y = sqrt (36² - (36 - x)²)
gives y = sqrt (72x - x²); entering the latter equation into a calculator table gives the 12th inch drop having
less than an inch change in the bottom of the yardstick. 3. The area function is

A

1
hb
2

1
(36 x ) 72 x x 2
2

This area function (using a calculator table) reaches a maximum for x ≈ 10.5. Because the maximum area
of a rectangle of fixed perimeter is a square, it is logical that the maximum area is a 45-45-90 right
triangle having perpendicular sides of 36/sqrt 2 or approximately 36 – 10.5.

III. 1. Varies with selection of mother’s age. 2. Mother’s age is a linear function. 3. The difference
between the mother’s age and the child’s age stays the same; constant function. 4. Division by zero gives
an undefined expression; the function is a rational function: (x – mother’s age)/x; x ≠ 0 5.a. Sport score
5.b. child will be mother’s original age 5.c. (70 + mother’s age)/70 5.d. approaches one 5.e. No, while
both are alive, mother will always be older. 6. Varies with mother’s original age but the child’s age will
be mother’s age divided by 0.3; varies with mother’s original age but the child’s age will be mother’s age
divided by 0.1. The first would be 66.7 years if mother started at age 20, the second would be 200 years
if mother started at age 20. First is possible, second is not currently possible. 7. For x greater than
mother’s original age/0.25 in both parts.
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IV. Because the cross section of a potato is approximately elliptical, you can do this project at dinner and
play with your food.
1. See photos below for a solution with a potato. Cutting the given ellipse will give a tidier solution. 2.
The area inside is (a – b)². 3. The figure approaches a circle with the final a = b = radius of the circle.

V. Algebra Tiles answers are in the earlier answer section.
VI. Exponents on Ten
Ten with Exponents Equivalent Value
Ten with Exponents Equivalent Value
(5 decimal places) (5 decimal places)
(5 decimal places) (5 decimal places)
0
10
Ans. 1
10^ -0.30103
0.5
-0.5
10^ Ans. 0.30103
2
10
Ans. 0.31623
10^ 0.47712
3
10^ Ans. –0.52288 0.3
100.5
Ans. 3.16228
10^ -0.69897
0.2
10^ 0.69897
5
10^ Ans. -1
0.1
1
10
Ans. 10
10^ -1.30103
Ans. 0.05
-1.5
10^ Ans.1.11394
13
10
Ans. 0.03162
-2
10^ 1.17609
15
10
Ans. 0.01
10^ Ans. 1.47712
30
10^ Ans. -2.5
0.00316
1.5
10
31.62278
10^ 1.69897
50
Others
2
10
Ans. 100
10^ Ans. 3
1000
10^ 2.11394
130
10^ Ans. 4
10,000
10^ Ans. 2.17609
150
10^ ________
10^ 2.47712
300
10^ ________
1. What is the product of 10 and 100? What is the exponent on ten that gives 1000? How are the
exponents on ten for 10 and 100 related to the exponent on ten that gives 1000? Ans. 1000; 3; 1 +
2=3
2. What number do you get when you add the exponents on ten for 3 and 5? What is the product of
3 and 5? Compare its exponent on ten with the earlier sum. Ans. 0.47712 and 0.69897; 15; Sum
of exponents on ten for 3 and 5 equals the exponent on ten for 15.
3. Compare the exponents on ten for 3 and for 300. Divide 300 by 3. What is the exponent on ten
for 100? Write a fact about this and find the exponent on ten for 30. Ans. The exponent on ten for
300 is 2 more than that for 3; Ten with exponent 2 gives 100; If we add two to an exponent we
are multiplying by 100
4. Predict the exponent on ten that gives 13 and explain how you did it. Ans. Take the exponent on
ten for 130 and subtract 1 (equivalent to dividing by ten).
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5. Multiply 10 times 300. Multiply 30 times 100. Explain two different ways to obtain the exponent
on ten that gives 3000. Ans. 3000; 3000; For example: Add 3 (for 10^3) to the exponent on ten
for 3; Add 2 to the exponent on 10 for 30
6. Explain how the exponent on ten that gives 150 could be found in three different ways from the
table. Ans. 150 is ten times 15 so add 1 to the exponent on ten for 15; 150 is 3 times 50 so add
their exponents on ten; or 150 is 30 times 5 so add their exponents on ten.
7. What is the product of 2 and 5? How can you use this fact with the exponent on ten for 5 to obtain
the exponent on ten for 2. Ans. 10; subtract the exponent on ten for 5 from one to obtain the
exponent on ten for 2.
8. If 10^x gives 7, then what is the exponent on ten that gives 70? What is the exponent on ten that
gives 700? Ans. x + 1; x + 2
9. If 10^x gives 70 then what is the exponent on ten that gives 7 or one tenth of 70. Ans. x – 1.
10. If 10^x gives 7, then what is the exponent on ten that gives 0.7 or 7/10? What is the exponent on
ten that gives 0.07 or 7/100? Ans. x – 1; x - 2
11. Subtract 1 from the exponent on 10 for 2. Find the result on the table. Ans. -0.69897, the
exponent on ten for 0.2.
12. When we subtract 1 from the exponent on 10 for 3, we are dividing by ten. Write the exponent on
ten for 0.3. Ans. –0.52288.
13. Why do the exponents on ten for 2 and 0.5 have the same decimal digits? Name another pair of
numbers have the same relationship. Ans. Placing a negative 1 as the exponent on 2 gives the
reciprocal, 0.5 or 1/2; 5 and 0.2 are also reciprocals.
14. Explain how to use the exponent on ten for 3 to obtain the exponent on ten for 9 in two ways.
Ans. Add the exponent to itself or multiply the exponent by two.

Enjoy!
Contact me at kaseberg_alice@msn.com for additional hints or clarifications.
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