Take a

. Chance
i On Math!

Prohahility for Preservice Elementary
Teachers

-

R EAKNING
SRIEOUAYS LEA 143

Anaheim, CA
Novemher1,2013
Presented hy
IA::l‘l’nI: :ll.nl:;:inherg :‘ * PRINCE GEORGE'S
Prince George’s Community College * & COMMUNITY COLLEGE

jonesaid@pycc.edu
weinhejx@pgycc.edu


mailto:jonesad@pgcc.edu

Take a Chance on Mathematics: Probability for Preservice Elementary Teachers

According to the NCTM’s Principles and Standards for School
Mathematics, elementary and middle school students should be provided
ample opportunities to explore probability and statistical topics. In
particular, students should be encouraged to collect, organize, and
describe data, summarize the data, make predictions and conclusions
based on the data, and test these predictions and conclusions. Moreover,
for teachers to be effective in teaching mathematics in this way, they too
need a deep understanding of the mathematics they will teach. This
workshop explores some of our favorite probability activities which stress
iImportant concepts of probability in a way that models appropriate
pedagogy for the elementary and middle school classroom.

Many students (and adults!) hold intuitions about probability that are wrong.
It is important as a teacher to understand that these intuitions are powerful
constructs and may undermine teaching and learning regardless of the
clarity and logic of instruction in the classroom. To overcome these
misconceptions, it is necessary that students be allowed opportunities to
explore and justify probabilistic reasoning repeatedly in a very concrete
way. In addition, various approaches and models of probability (theoretical,
subjective, experimental, geometric) should be used to address probability
from many angles.

Tentative Agenda

Flipping for Breakfast: The Familiar Coin Problem Reuvisited

Pig Out!: Experimental Probability and Unequally Likely Outcomes
Dare to Pair the Bears: Fairness and Dependent Events

Human Hopper: Fair Games and the Sample Space

The Basketball Problem: Simulation and Expected Value
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Flipping for Breakfast

This investigation explores the concept of experimental probability of flipping a fair coin. More than the
realization that the two results (heads or tails) are equally-likely events, students should start to observe
the variability in results for a small number of trials and what happens as the number of trials increases.

The problem is presented as follows:
Kalvin likes to eat Cocoa Blast Cereal for breakfast, but his mother would like

him to eat the more nutritious Health Nut Flakes. Kalvin and his mother have
worked out a plan to decide which cereal Kalvin will eat. On each morning,
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can Kalvin expect to eat Cocoa Blast?

Students should make their predictions. Most students will instinctively recognize that two equally-
likely outcomes are possible, therefore Kalvin can expect to eat Cocoa Blast on about half of the trials, or
15 days. To investigate the problem, students should flip a coin 30 times (one for each day of June) and
record the results. Discuss the need for students to make sure that the way they conduct the
experiment does not affect or bias the outcome.

As the students begin to flip their coin, they should complete a chart to track the number and percent of
heads that have occurred so far. Running totals, fractions, and percents of heads can be shown.

After students have completed the experiment and calculated the percentages, they should plot the
percentage of heads after each toss on a coordinate graph and make a line graph. Discuss what the
graphs looks like and why there is so much more variation at the beginning of the 30 days than at the
end.

Compile all the class data by keeping a running percentage of heads as each groups adds in its data. As
the number of trials increase, the percentage of heads should settle close to 50%. Discuss why this is so.

Reference: How Likely Is ItRonnected Mathematics Project; Dale Seymour Publications, 1996.



Flipping for Breakfast

Lab Sheet 1
June
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Lab Sheet 2
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Pig Out!

Too often students make the incorrect assumption that if there are only two possible outcomes,
then the events must be equally likely. Unfortunately, questions and experiments involving
number cubes and coins often reinforce this misconception. For example, the probability of
having a boy (versus a girl) may be 50%. However, having a left-handed child (versus a right-
handed child) is not 50% even though there are two possible outcomes.

This activity reinforces the idea of possible outcomes that are not equally likely. It is also a
good activity in which students usually have no preconceived sense of behavior over the long
run.

Consider the following game:

The Pass the Pigs dice game involves two tiny rubber pigs that players throw like dice. One
side of each pig is marked with a single black dot. According to the game instructions, the
object of the game is

“to throw the pigs and score as many points in one turn that
you can. The first player to score 1

Each pig can land in six different positions (similar to a six-sided die.) However, the way that
the pigs land in relation to each other determines various point values for the player. (See
attached diagrams.) A turn consists of a player taking as many rolls as he or she dares until
1) deciding to stop and record the total score for that turn,
2) a“Pig Out’ is rolled and the player records a score of zero for that turn, or
3) an “Oinker” is thrown and all points accumulated in the game thus far by the player
are lost.

Hence, Pass the Pigs refers to a player passing his or her pigs on to the next player before
“Pigging Out” or “Oinking.”

Pass the Pigs © is a dice game copyrighted by Milton Bradley Games.

The Problem:

In the dice game, Pass the Pigs ©, players are always on the lookout for the dreaded “Pig Out.”
If it is tossed before a player passes the pigs to an opponent, the player loses all the points
accumulated for the round. Therefore, it would be good to know the chances of rolling a “Pig
Out.” A “Pig Out” occurs when the pigs land on opposite sides — dot and no dot.



Lesson Procedure:

Students should work in pairs to explore this probability experimentally. Each pair of students
examines their pig dice and discusses the outcomes if the pig dice are tossed simultaneously.
Each student should estimate the probability that a “Pig Out” will occur before playing the game.
Students should write down their estimates and the reasoning behind them. Discussions about
type of probabilities would fit in nicely here. Although students usually gain experience with
theoretical and experimental probabilities at the middle school level, this activity provides an
opportunity to introduce students to subjective probability. They must assign probabilities based
on what they think will happen since there are no data or theoretical methods to help.

Students are then asked to test their subjective estimates by performing an experiment.
Although one approach would be to let the students develop their own plan for determining the
experimental probability of a “Pig Out,” another approach is to define that each student should
perform the experiment ten times. This provides each student pair with a total of twenty trials
that can be used in determining an experimental probability.

Once the students have conducted the experiment, they may wish to refine their original
guesses. When asked how they could be more certain of the probability, most will respond that
an experiment with more tosses would result in more certainty. However, students recognize
that it is unrealistic for each student to toss the pigs a large number of times. Instead, we
decide to combine results from the entire class to get a better estimate of the probability.

This is good time to pull out the concept of measures of center that is usually addressed at the
middle school level. After drawing a number line on the board, the class can form a dot plot
(line plot) using the individual results from the students. This can be done easily by having
students write their results on sticky-notes and placing them appropriately on the number line.
After the data have been discussed for the whole class, everyone makes a new estimate for the
probability.

Students should be asked to share their new probability estimates. Most students select the
class median or class mode as their new estimate. Previous experiences suggest that a “Pig
Out” is rolled about 20% of the time or one in every five rolls. Of course, differences in the very
nature of the experiment may produce varying results.

Resources: Richardson, Mary and David Coffey. “What are the Chances of a Pig Out?” Mathematics in Michigan 43 (1).



Pass the Pig

Scoring Diagrams

PIG OUT Pigs la.nd on RAZORBACK S points
. opposite sides. Lose One pig lands on
on G @i a"gj all pig points for its back, trotters in
S oy @ thf“ turn. (.Eg: One the air. (The other
lying dot side up, pig is a Sider!)
the other unmarked
side up.)
. DOUBLE 20 points
TROTTER S points RAZORBACK Both pigs land
One pig lands on trotters up!
all four trotters.
(The other pig is a
Sider!)
DOUBLE 20 points SNOUTER 10 points
TROTTER Both pigs land in & S.HOUW pig lands
the trotter position. on its snout and
two front trotters.
(The other pig is a
Sider!)
DOUBLE 40 pOil‘ltS MIXED COMBO Any combination or
SNOUTER Two snouters are acrobatic pigs:
better than one! Eg: Trotte_r =
Snouter = 15 points
LEANING JOWLER 15 points OINKER Two pigs touching in

One pig lands jow! to
the ground supported
by an ear and a front
trotter. (The other pig
is a Sider!)

DOUBLE LEANING
JOWLER

60 points

Two curly tails in the
air in the leaning
jowler position!

any position — Lose all
pig points up to this
throw.

Pass the pigs to the
next player.

A totally undignified
position for pigs. You
are out of the game!




Labsheet for Pig Out!

In the dice game, Pass the Pigs ©, players are always on the lookout for the dreaded “Pig Out.
If it is tossed before a player passes the pigs to an opponent, the player loses all the points
accumulated for the round. Therefore, it would be good to know the chances of rolling a “Pig
Out.” A “Pig Out” occurs when the pigs land on opposite sides — dot and no dot.

Question: What percent of the time will a Pig Out be rolled when playing the game?

My initial Guess:

Procedure: Working with a partner, toss the pigs 10 times. Your partner should record the
results. After you have performed the experiment ten times, exchange roles and record the
results for your partner.

Assess: Do you wish to revise your initial guess? What is your updated estimate for the
probability of throwing a Pig Out?

Analyze: How can you become more confident in your guess?



Dare to Pair the Bears!

This activity addresses the idea of compound events. In this game participants play a
game several times to determine whether they think that it is fair. Some discussion with
students may be necessary concerning the term fair. Students often have the
misconception that fair means

1 No one cheats.
1 Everyone has a chance to win.
1 Players are equally good.

Mathematically, in fair games of chance, each player has an equal chance, or
probability, of winning.

For the first part of this activity, students are directed to place two bears of the same
color and one bear of a different color into a bag (i.e. 2 red bears and 1 blue bear.) Of
course, other manipulatives such as chips or cubes could be used.

Students should work in pairs to play the game at least ten times, recording their
results. Each student should draw a bear from the bag without looking. If the two
colors match, Player A wins a point. If the two colors do not match, Player B wins a
point.

After the game is played ten times, students should conjecture, based upon their
playing of the game, whether they think the game is fair. Data from the whole class can
be collected and experimental probability of each player winning can be determined.
The data should suggest that Player B has a greater probability of winning.

The teacher could then pose another question: How could this game be changed so
that the game would be fair? Someone in the class may suggest that the number of
bears be increased to four: two of each color. Have the students play the game again
using this approach 10 times and conjecture whether they think it is fair. Although
intuitively, it seems that this would result in a fair game, it does not.

At this point, it is a good idea to talk about theoretical probability by listing the sample
space of all possible outcomes with 3 bears and 4 bears respectively. See the sample
space below:



This chart and drawing shows the sample space for 3 bears (2 red and 1 blue):

Player A Player B Winner

R1 R2 A
R1 B B R1*—”R2
R2 R1 A
R2 B B \
B R1 B
B R2 B B
P(A wins) = 2 =

)= 8=
P(B wins) = £=4%
This chart and drawing shows the sample space for 4 bears (2 red and 2 blue):

Player A Player B Winner

R1 R2 A

R1 Bl B

R1 B2 B R1* > R2
R2 R1 A + +
R2 Bl B

R2 B2 B

Bl R1 B

Bl R2 B

Bl B2 A v v
B2 R1 B Bl« » B2
B2 R2 B

B2 Bl A

P(Awins) = &4 =

) 3
P(B wins) = £=2
A more challenging activity is to then find the number of each bear color that would
result in a fair game. Students could approach this problem by trial and error, by
looking for a pattern, or possibly writing equations. Possible solutions are

9 3 of one color and 6 of another.
9 6 of one color and 10 of another.
9 10 of one color and 15 of another.

In fact, any two consecutive triangular numbers (1, 3, 6, 10, 15, 21, 28, ...) would give a
fair game.



Dare to Pair the Bears!

Labsheet

Game 1 requires two players.

T
T
T

Place three bears in a bag: two of one color and one of another color.

Shake the bag.

One player should pick one bear from the bag without looking. The other player
should pick a bear from the remaining two bears without looking.

Player A wins if the colors match. Player B wins if the colors are different.

Play the game 10 times with a partner and record the outcomes below.

Colors Match: Player A wins. Colors are Different. Player B wins.

Based on your experiment, decide whether you think this is a fair game.

After all teams have played the game 10 times, combine all the data so that the number of
trials is very large. Have you changed your mind about whether the game is fair or unfair?

Determine each player’s theoretical probability of winning by examining the sample space.
Draw a tree diagram to find the sample space.

Change the make-up of the bears in the cup so that you think the game would be fair. Write
down this make-up.

Play the game 10 times with your new make-up of bears. Does it seem to be fair now?

Colors Match: Player A wins. Colors are Different: Player B wins.

Analyze the sample space for your new make-up of bears and determine the theoretical
probability that each player wins.




The Game of
Human Hopper

This activity is from the AMATYC Teacher Preparation Summer Institute, 2006, conducted by Pete Wildman.

Sometimes it is difficult tell whether a game is fair. In this activity students must examine the sample
space to decide who wins and who loses.

Instructions: To play, Human Hopper, there should be three players ¢ Player #1, Player #2, and the
Hopper. Seven pieces of construction paper should contain the following letters and be laid out in
the following way:

KJIHIJK

After deciding who will be Player #1, Player #2, and the Hopper, the Hopper should stand on the H
and face forward. A coin is tossed:

a. If the coin lands "heads," the hopper should move one space to the right.

b. If the coin lands "tails" the hopper should move one space to the left.
The coin is tossed twice more with the same instructions for the hopper. After the three coin
tosses, if the Hopper is on H, J, or K, then Player #1 wins. If the Hopper is on the letter |, then
Player #2 wins.

For example, suppose you toss a head for your first toss of the coin. The hopper moves to the right and
is now standing on the letter I. Next, you toss a tails, so the hopper moves one space to the left and is
now standing on the H. Finally you toss a heads and the hopper moves one space to the right and is on
the letter I. So Player #1 wins.

Students should be given the Lab Sheet and asked to answer Question 1 before playing the game. Then,
in groups of 3, they should play the game 10 times. Do this again twice more so that everyone has a
turn of being the Hopper. After playing the game three times, students should complete the Lab Sheet
to perform the analysis on the game.

Students should find that the sample space of tossing three coins results in an unfair game:

Heads, Heads, Heads Y land on K'Y Player 1 wins Tails, Heads, Heads Y land on 1Y Player 2 wins
Heads, Heads, Tails Y landon 1Y Player 2 wins Tails, Heads, Tails Y land on | Y Player 2 wins
Heads, Tails, Heads Y landon 1Y Player 2 wins Tails, Tails, Heads Y land on | Y Player 2 wins
Heads, Tails, Tails Y land on 1Y Player 2 wins Tails, Tails, Tails Y land on K Y Player 1 win

P(Player 1 wins is 2/8 = 0.25) and P(Player 2 wins is 6/8 = 0.75)

To extend this activity, students can be asked to change the rules to make this a fair game.



(4
SR,
Instructions: To play, Human Hopper, there should be three players ¢ Player #1, Player #2, and the

Hopper. Seven pieces of construction paper should contain the following letters and be laid out in
the following way:

The Game of Human Hopper
Lab Sheet

KJIHIJK

After deciding who will be Player #1, Player #2, and the Hopper, the Hopper should stand on the H
and face forward. A coin is tossed:

a. If the coin lands "heads," the hopper should move one space to the right.

b. If the coin lands "tails" the hopper should move one space to the left.
The coin is tossed twice more with the same instructions for the hopper. After the three coin tosses,
if the Hopper ison H, J, or K, then Player #1 wins. If the Hopper is on the letter |, then Player #2 wins.

1. Afair game is one where both players have an equal probability of winning. Does this game seem
fair to you? Why or why not? If it is unfair, who do you think is at a disadvantage?

2. Play the Human Hopper Game ten times. Record the results in the table.

Player #1.: Player #2: Hopper :
GAME S | O examplet ) | (uhat ltter s helshe sancing on?)|  WHO WON?
1
2
3
4
5
6
7
8
9
10




3. Play the Human Hopper Game again ten times. Make sure someone else is the hopper. Record the
results in the table.

Player #1: Player #2: Hopper :
GAME S | O example, HTT) | (uhat lttor s helsho stancing on?)|  WHO WON?

1

2

3

4

5

6

7

8

9

10

4. Play the Human Hopper Game again ten times. Make sure someone else is the hopper. Record the
results in the table.

Player #1: Player #2: Hopper :
s | T O OIS | e o] WO WO
1
2
3
4
5
6
7
8
9
10




HUMAN HOPPER ANALYSIS:

1. After your three rounds of playing Human Hopper, does it seem like a fair game to your group? Why
or why not?

2. Analyze Human Hopper theoretically using a tree diagram. Use three branches for your tree diagram
- the first "branch" will be for coin toss #1 (where you can of course get Heads or Tails), the second
branch for coin toss #2 and the final branch for coin toss #3. However, at the end of your tree
diagram, do not JUST determine the probability, but determine on which letter the hopper will be
standing. Write this letter next to the last node on each branch of your final tree.

3. Looking at this diagram determine the probability for landing on each letter (H, I, J, K). What is the
probability of player #1 winning in Human Hopper? What is the probability of player #2 winning in
Human Hopper? Discuss whether this shows that the game is fair or not.

EXTENDED INVESTIGATION:
If the game is not a fair game - how would change the game to make it a fair game? Be certain to explain
why your changes would make the game fair.



In the activities of this lesson, students try to reconcile the difference between the
most likely outcome and the expected value. The problem is launched as follows:

Janay L I 84 ol a1S8dGoltf FT2N (K@mhmthas KS
state finals, the Owls are one point behind with only 1 second left in the game. Janay
has been fouled and she is in a one-and-one free throw situation. This means that
Janay will try one shot. If she makes it, she gets to shoot a second basket. If she
misses the first shot, she is done and does not get to try a second shot.
statistician for the team knows that Janay has a 60% successful free throw percentage.

The Basketball Problem

How is the game most likely to end?

Many students may not understand whata & 2 yarl-2 y' S ¢
understands. After soliciting intuitive answers from participants, they should think about how the

situation could be simulated. Students should proceed to simulate 10 one-and-one foul shot attempts
using a spinner and record their results on Lab Sheet 1. Class data should be compiled to estimate the

experimental probability for each of the outcomes ¢ 0 points, 1 point, and 2 points.

TNES

0 KNE ¢

The

)“‘\)\ =
aoK22f Q

NJ

aK2i Aao

Next, students move to finding the theoretical probability by using a 10 x 10 grid as a geometric model.
If students have not done something like this, this might be a good whole class activity. The result

should be

Hit
60%

Miss
40%

Hit, Hit
2 points

36%

Hit, Miss
1 point
24%

Miss
0 pts
40%

v

Students are asked to reconsider the theoretical probability supposing that the free throw situation was
a two-shot scenario (independent events.)

The next part of the lesson introduces the concept of expected value. Students are asked to find the
average number of points made in 100, 200, and n trips to the free-throw line. The instructor should

summarize the concept of finding the expect value using the typical formula E[X] = § xOP(X =X).

a l



Students should proceed to Lab Sheet 2 where they are asked to find the probabilities of 0, 1, and 2
points when the initial free throw percentage varies. Students are asked to find the most likely outcome
and the average number of points per trip and to look for patterns in the results. Various questions are
posed.

Some students may notice that the most likely outcomes for 20%, 40%, and 60% shooters is 0 points. For
an 80% shooter, it is 2 points. So, for which free throw percentage is the expected value equal to 1?
E[X] =1

(1- p)3 Opointst p(1- p)2 1point+ p(p)3 2points=1
0+ p(- p)+2p*=1
p*+p=1

Using the quadratic formula to solve the resulting quadratic equation p®+ p- 1=0, we have that
_-1+41+4 _-1+45
2 2
0.61803) Therefore, when the free-throw percentage is approxaimtely 61.8%, the expected value will be
1.

, which is commonly known as the golden ratio (or approximately

These activities are based on a lesson from What Do You Expec€dnnected Mathematics Project, Dale
Seymour Publications, 1997. Authors: Lappan, Fey, Fitzgerald, Friel, and Phillips.



The Basketball Problem

JanayLJt | @a ol ajiSdolff F2NJ GKS hgtftasz KS NJ;{'&,@:;K‘é)z fQa ol
the Owls are one point behind with only 1 second left in the game. Janay has been NN

fouled and she is in a one-and-one free throw situation. This means that Janay will try one shot. If

she makes it, she gets to shoot a second basket. If she misses the first shot, she is done and does not

get to try a second shot. The statistician for the team knows that Janay has a 60% successful free

throw percentage. How is the game most likely to end?

1. Which of the following do you think is most likely to happen?
U Janay will score 0 points. In other words, she will miss the first shot and the game will
essentially be lost.
U Janay will score 1 point. In other words, she will hit the first shot and miss the second shot. The
game will be tied and will go into overtime.
U Janay will score 2 points. In other words, she will make both shots and win the game.

Record what you think will happen before analyzing the game.

2. Discuss with a partner or your group how you might simulate this situation. What materials would
you use? How would you model the situation?

3. Use the plan that your teacher provides to simulate JanayQ & -a@hdfoSe situation 20 times. Record
your results on Lab Sheet 1.
4. . AaSR 2y @2dzNJ NBadzA Gax 6KIG Aa GKS SELISNRAYSyYyGl f

i Janay will score 0 points?

U Janay will score 1 point?

U Janay will score 2 points?

5. Contribute your results to find the experimental probabilities using the class data.

U Janay will score 0 points?

U Janay will score 1 point?

0 Janay will score 2 points?

&



6. Make an area model for this situation using a 10 x 10 grid.
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U Janay will score 0 points?

U Janay will score 1 point?

U Janay will score 2 points?

8. How do the three theoretical probabilities compare with the three experimental probabilities?

9. Extension: Suppose Janay is in a two-shot free-throw situation. This means that she will get a
second shot even if she misses the first shot. What is the theoretical probability that

U Janay will score 0 points?

U Janay will score 1 point?

U Janay will score 2 points?



In the previous scenario, you looked at the probabilities of different outcomes of JanayQ a -eﬁmdﬁo‘fie
free-throw situation. Were you surprised about which outcome is most likely? In this problem, you
will look at the number of points Janay can expect to make each time she is in a one-and-one free-
throw situation.

10. Again, suppose that Janay has a 60% successful free-throw percentage in a one-and-one free-throw
situation 100 times during the season.

a. What total number of points would you expect Janay to score in these 100 trips to the free
throw line?

b. What would JanayQ dverage number of points per trip be? Thisis called the expected valudor
this situation.

c. What would JanayQ @verage number of points per trip be if she was in this situation 200 times?

d. What would JanayQ @verage number of points per trip be if she was in this situation n times?

In general, expected value can be thought of as:

OLINPOLFOAfAGE E LI &@2FF0 b OLINRPOFOAfAGE E LJ &
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percentages are different from JanayQ a @ / LabSHelt Batduse it to help answer the questions
that follow.

11. How do the probabilities of scoring exactly one point in the one-and-one situation compare for 20%,
40%, 60%, and 80% shooters? Describe any pattern you see in the table.

12. In a one-and-one situation, what is the most likely outcome for a 20% shooter? For a 40% shooter?
For a 60% shooter? For an 80% shooter? How do these outcomes compare?

13. Sketch a graph that shows the average numbers of points a 20% shooter, a 40% shooter, a 60%
shooter, and an 80% shooter can expect to make in a one-and-one situation.

A

Average points per trip

v

Freethrow percentage

14. How do the expected values compare for a 20% shooter, a 40% shooter, a 60% shooter, and an 80%
shooter?

15. JanayQad Fl 0KSNJ y2GAO0OSR GKI GO KS YIF{(1Sa | y-addgn8NF 35S
free-throw situation. What do you think his shooting percentage is?

16. IfJanayQa aA a0 SNJ aA OKSft t Seréxgectet valuein a ond&dicRoResitidtian? ¢ K | {

27

Aa



The Basketball Problem
Lab Sheet 1

Perform 10 one-and-one free-throw simulations using a spinner and the circle divided into 60% and 40%
regions. Record the number of times that the shooter would have 0 points, 1 point, and 2 points.

|
\ HII
\
\

Points Tally Frequency E:fj::;;?t?l
0 /10
1 /10
2 /10
Number of Trials




The Basketball Problem
Lab Sheet 2

For each player, use the grid to analyze the problem and answer the question. Complete the summary
table at the bottom when finished.

Nicky: 60% shooter Her 8-year-old cousin: 20% shooter

Her brother: 40% shooter Her coach: 80% shooter

{K220S . : . Average Points
Percentage P(0 points) P(1 point) P(2 points) per Trip

20%

40%

60%

80%

p%




