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MANIPULATIVES

BENEFITS OF KINESTHETIC LEARNING
• Holds students’ attention
• More effective
• Helps with spatial understanding and
reasoning
• Traditionally only used for teaching lower level
concepts

• CAN IT BE APPLIED TO ADVANCED MATH
COURSES?
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CUTTING THE CONE

PUSH PINS, STRING, AND A PEN
1 pin: circle
● pin marks the center
2 pins at the foci: ellipse
● pins mark the foci
1 pin visible and one at “infinity”: parabola
● visible pin marks the focus

WAX PAPER FOLDING
Draw a circle and choose a point.
Fold the paper to place this point on the circle.
Move around the circle and keep folding.
What did you create?
What if you start with a line instead of a circle?
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GRAPHS, SECANTS, TANGENTS
Problem Setting:
Given the graph of velocity function how can
we figure out the acceleration rate?
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RIEMANN SUM
Problem Setting:
No odometer but pretty nice speedometer!
How can we figure out the total distance
traveled?

VOLUME BY AREA OF KNOWN
CROSS-SECTION
Problem Setting:
Consider a solid whose cross-sections are
known shapes, such as circles, squares, or
triangles. What is the volume?
For example....

FIND THE VOLUME OF A WEDGE
Consider a wedge of height h = 1 and radius r
= 1 that has been cut in half and then
sliced at a 45 degree angle.

SOLUTION TO THE WEDGE VOLUME
We need to take sections perpendicular to the
base, and sum their areas, or simply put:

We need the area of the cross-sections!

THE CYCLE OF FRUSTRATION...
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BASE-2 WITH BLOCKS

BASE-5 WITH MONEY

WHAT WE’VE LEARNED
•
•
•
•

Students formed connection
Specific, focused activities work best
Activities must have a clear goal
Must refer students back to activities as they
learn more material

Folding Conic Sections

NAME ___________________________

1. Take one piece of wax paper with the circle drawn on it. Notice two marked points, one
being the center of the circle and the other being either inside or the outside of the circle.
2. Fold the wax paper so that the point, that is not the center point, lies on the circle. Crease
your fold well, then unfold and repeat the process several (at least 10-15) times. When
folding try to make your way all the way around the circle.
3. You should start seeing one of the conic sections being formed. Can you identify it?

1. What if you used the center point to go around the circle as you make your folds?
2. What if you have drawn a line instead of the circle and made your folds by placing a point
on that line, through the whole length?
TRY IT!!!
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Worksheet: What is Acceleration?
Graphs, Secants and Tangents

Imagine you take a car ride. You don’t have a working odometer but the speedometer is
very modern and accurate, it even plots your speed. In this activity, you will work in groups
to determine the acceleration at the given point in time, exactly 1 hour after recording
started. The function you have been given represents the speed of the car (in hundreds of
kilometers per hour), at a given time x (in hours). We will focus on the case for
,
meaning 2 hours of the ride from the moment recording started.
1.

Using your graph, estimate the speed of your car at the following times.

Time (hrs) Speed (x 100 km/hr)
0
1/4
1/2
3/4
1
5/4
3/2
7/4
2
2.

Based on your data from problem 1, was your car accelerating or decelerating?
Explain your answers.

3.

When was your car traveling at 50 km/hr?
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4.

Discuss with your group how you can determine the acceleration of your car,
given its speed at any time. (HINT: think of the acceleration as change of speed
over time)

5.

Estimating the acceleration of the car at the 1-hr mark. We want to
determine the rate at which the car’s speed changed at the 1-hr mark.

a. Consider the points with x=0 and x=2. Draw a line segment connecting the
points on the graph to create a secant line. Determine the slope of this line
segment.
We call this the average acceleration. Explain why the slope of the secant
line should represent the average acceleration of the car between these
times.
b. Repeat the above process to sketch three more line segments (through the
points with x= 0.25 and x=1, x=0.5 and x=1, x=0.75 and x=1) and determine
their slopes. DO NOT ERASE ANY OF THE FOUR LINES.
c. Repeat the above process to sketch three more line segments (through the
points with x= 1 and x=2, x=1 and x=1.75, x=1 and x=1.5, x=1 and x=1.25) and
determine their slopes. DO NOT ERASE ANY OF THE LINES.
d. Based on this information, make an educated guess about the
acceleration/deceleration of the car at x=1.

6.

Estimate the slope of the Tangent Line to find the acceleration. The tangent
line should be close to the secant lines that you have drawn. Using the wooden
dowel, place it along where you think the tangent line at x=1 should be located.
Estimate the slope of the dowel at x=1. How does this relate to the values you
obtained in problem 5.
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Worksheet: Finding the total distance traveled
Understanding the Riemann Sum

The goal of this activity is to investigate the Riemann Sum, what it is, and how to form it.
Imagine you take a car ride. You don’t have a working odometer but the speedometer is
very modern and accurate, it even plots your speed. You will work in groups to determine
how far your car traveled in a two hour time period. The function you have been given
represents the velocity of a car in hundreds of kilometers per hour. We will focus on the
case for
, meaning 2 hours of the ride from the moment recording started.
1.

2.
3.

If we knew that the car was going at a constant velocity, c, from time

, how far would it have travelled in
hrs?
If we graphed the function of velocity with respect to time we would get

to

Then the total distance traveled would be represented by the area enclosed
under the graph (here it’s a rectangle). Hint: Recall that distance=velocity·time.

Looking at your given function, which represents the car’s speed, what problems
would you incur if you tried to find the total distance the car traveled in 2 hours?
As in part 1., determining the total distance traveled involves finding the area
enclosed under the graph of velocity function. Since the shape in your case is not
regular, we can try to approximate it using rectangles.

Let’s start with 4 rectangles (red). Lay them down so that they fit perfectly
between the graph and x-axis. What does the height of each rectangle represent?
Complete the table.

Time Interval
0 hrs to 0.5 hrs
0.5 hrs to 1 hr

1 hr to 1.5 hrs.

1.5 hrs to 2 hrs.

Approx. Speed

Travel Time

Approx. Dist. Traveled
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4.

5.

Using the results of your table, what approximately is the total distance the car
traveled in two hours?

Repeat the exercise above, but using smaller time intervals (white strips), and
complete the following table.

Time Interval
0 hours to 0.25 hrs

Approx. Speed

Travel Time

Approx. Dist. Traveled

0.25 hrs to .5 hr
.5 hrs to .75 hr.
.75 hrs to 1 hr.

1 hrs to 1.25 hrs.

1.25 hrs to 1.5 hrs
1.5 hrs to 1.75 hrs
1.75 hrs to 2 hrs.
6.
7.

8.

Using the results above, determine the approximate distance the car travelled in
two hours.
How might you repeat this process to make it more accurate?

How to assemble the Riemann Sum. In each of the cases, what was the
process used to determine the approximate distance traveled by the car? What
might be some benefits of coming up with a short hand for this notation.
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Worksheet: Volume by Cross-Sectional Area

In this activity, we will learn how to set up the integral for finding volume of a solid by the
area of known cross sections that are perpendicular to the x-axis, and extend out of the
page. This is given by the formula,
where, A(x) is the area of a cross-section. The dimesions of the cross-sections depend
where along the x-axis the cross-section is located.

Consider a solid D whose base is the region, R, bounded between
, the y-axis, and
the graph of the function that you have. The solid is created by cross-sections, coming out
of the page, and running perpendicular to the x-axis.
be the solid with base given by R and with square cross-sections.

1.

Let

2.

Let
be the solid with base given by R and with cross-sections that are semicircles, with the diameter of the semi-circle perpendicular to the x-axis .

a. Using the squares, determine the dimensions of the square if it were located
at x=0
b. Using the squares, determine the dimensions of the square if it were located
at x=1
c. Using the squares, determine the dimensions of the square if it were located
at x=2
d. Determine the area of the cross-sections as a function of x.

a. Using the semi-circles, determine the dimensions of the semi-circle if it were
located at x=0
b. Using the semi-circles, determine the dimensions of the semi-circle if it were
located at x=1
c. Using the semi-circles, determine the dimensions of the semi-circle if it were
located at x=2
d. Determine the area of the cross-sections as a function of x.
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3.

Let
be the solid with base given by R and with cross-sections that are
equilateral triangles, with the diameter of the semi-circle perpendicular to the xaxis . The area formula for an equilateral triangle is

4.

5.

6.

a. Use the equilateral triangles to determine the dimensions if it were located at
x=0
b. Use the equilateral triangles to determine the dimensions if it were located at
x=1
c. Use the equilateral triangles to determine the dimensions if it were located at
x=2
d. Determine the area of the cross-sections as a function of x.
Using the A(x) you found in questions 1,2, and 3, set up integrals for the volumes
of ,
, and
.

Without evaluating the integrals, order the solids
volume to smallest volume.

,

, and

from greatest

How would this process change if the cross-sections were to run perpendicular
to the y-axis. To this end, discuss how you modify the volume formula in this
event.
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Finding the Volume of Chinese Takeout Container

Materials:
Chinese Takeout container
Ruler
Calculator
Three different kinds of cookies
Markers

Goal: In this activity, you and your group will try to determine the volume of a Chinese
Takeout container. This is not actually as easy because the container is not a perfect cube.
In this activity, you will,
•
•
•
•

1.
2.
3.

4.
5.

6.

Determine the area of the faces of the container
Determine the height of the container
Try to use this information to figure out the volume of the container
Determine how many cookies you can fit into the container to give as a gift.

Determine the dimensions of the top and the bottom of the container (they are
both rectangular. Use inches
Determine the dimensions of the sides. Do all the faces have the same
dimensions. Draw a schematic indicating the dimensions of the container.

Volume can be defined as the quantity that is jointly proportional to the area of
the base and the height of the object, 𝑉𝑉 = 𝑐𝑐𝐴𝐴𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 ℎ. See the examples from class.
Using this principle, try finding the area of cross sections of the container as you
head up the side of it (you already have the dimensions of the base, go maybe
halfway up the side, and find the lengths of the sides, and you have already have
the dimensions of the top. Make a chart.

Find the area of the three sections of the container, and average them. Use this
average area and multiply it by the height of the container (remember this is the
perpendicular height, not the length of the side).
1

The formula for the frustum of a pyramid, the formula is 𝑉𝑉 = 3 ℎ�𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 +

𝐴𝐴𝑡𝑡𝑡𝑡𝑡𝑡 + �𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐴𝐴𝑡𝑡𝑡𝑡𝑡𝑡 �. Using this formula and the areas that you found, calculate
the volume of the container. Compare your answer to what you obtained in
question 4.
There are 2 cubic inches in 1 oz (which is a measurement of mass, and
sometimes used for volume of certain items). Determine how many ounces your
container can contain.
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7.

8.

If each cookie weighs a quarter of an ounce. How many cookies should you be
able to fit into the container.

Using the cookies in the room, test your calculations out and record if you were
close or not.

Math 251, The Case of the Missing Speedometer (What is Calculus
About?)
Imagine the following scenario: Suppose you just purchased a brand new car. It has everything you could ever want, except, it has no speedometer. You only have a stopwatch or a clock
and an odometer for measuring how far you have traveled. How will you determine the
how fast your car is going at any instant? With your group, come up with some answers
to the following questions. This is a no numbers activity. You are developing a method. If you
want you can make up numbers to illustrate your answers.
(1) Does your speedometer always register the exact same speed at every second (i.e. when
you drive, is your speed always constant)? Why or why not?
(2) If I say that I am traveling at 60 miles per hour, what does that exactly mean? Write
a formula for how you can calculate the speed.
(3) Given your odometer and a time measuring device, devise a method one could use to
determine the speed of the car if you start measuring at 2:00 PM and finish at 2:05 PM.
You can assume you had already started driving prior to 2:00 PM.
(4) Since you probably did not travel at precisely the same speed during the 5 minute time
interval, what you actually calculated is called the average speed. What do you think
the average speeds tells you or measures?
(5) With your group, discuss possible methods you could use for determining the speed of
the car precisely at 2:00PM.

Based on, Cohen, M. D. , “The Case of the Missing Speedometer: The First Day of Calculus”, The
Journal of Humanistic Mathematics, Volume 5 Issue 1(January 2015) pages 180-190. DOI:
10.5642/jhummath.201501.10 . Available at: http://scholarship.claremont.edu/jhm/vol5/ iss1/10
1

The Tower of Hanoi

NAME ___________________________

In the late 19th century, the French mathematician Lucas invented a puzzle consisting of
three pegs on the board with disks of different sizes. Initially all of the disks are on the first
peg in oder of size, with the largest on the bottom.
1. You are allowed to move disks one at a time from one pile to another as long as a larger
disk is never placed on a smaller one.
2. Using allowable moves, end up with all the disks on a second peg in order of size from
largest on the bottom.

1. Try it with 2, then 3 and finally 4 disks. What is the least number of moves that the task
can be accomplished with?
2. What if you have n disks?
TRY IT!!!
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The Triangle Inequality (Adapted from an activity developed by NCTM)
During this activity, you will compare the sum of the measures of any
two sides of a triangle with the measure of the third side.

1.

Break a piece of spaghetti into three pieces, and use the pieces to form a triangle.
Measure each side to the nearest tenth of a centimeter. In the table below, record the
measures of each side of the triangle from smallest to largest; find the sum of the
measures of the small and medium sides. Repeat this activity, with two other
triangles, to complete the chart.
SMALL

2.

LARGE

SMALL+MEDIUM

Break a piece of spaghetti into three pieces so that it is impossible to form a triangle.
Measure each side of the non-triangle to the nearest tenth of a centimeter. In the table
below, record the measures of each side of the non-triangle from smallest to largest;
then find the sum of the measures of the small and medium sides. Repeat this activity
twice, with two other non-triangles, to complete the chart.

SMALL

3.

MEDIUM

MEDIUM

LARGE

SMALL+MEDIUM

Compare the sum of the measures of the small and medium sides (the number in the
last column) to the measure of the large side for each triangle you created. Describe
what you notice.
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4.

Compare the sum of the measures of the small and medium sides (the number in the
last column) to the measure of the large side for each non-triangle you created.
Describe what you notice.

5.

If the sum of the measures of the small and medium sides is greater than the larger
side, we can conclude the sum of the measures of any two sides of the triangle must
be greater than the remaining side. Explain why this conclusion is possible or test it
out with the data you collected.

6.

(THE TRIANGLE INEQUALITY) In a triangle with sides lengths a,b, and c

_______

+

_______

>

_______

_______

+

_______

>

_______

_______

+

_______

>

_______

The Handshake Problem

NAME ___________________________

The first day of class means Introductions. All students shake hands exactly once with every other
student in the class.
Record the number of handshakes for each size group below.
PEOPLE

HANDSHAKES

1
2
3
4
5
6
7
8
9
10
30
100
n
1. In the class of 24 students, if each student shakes hands exactly once with each of the other
students, how many handshakes take place?

2. How can you determine the number of handshakes for a group too large to model?
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