A Gallery of Visualization DEMOS for Related Rate Problems
The following is a gallery of demos for visualizing common related rate situations. These animations can be used by
instructors in a classroom setting or by students to aid in acquiring a visualization background relating to the steps for solving
related problems. Two file formats, gif and mov (QuickTime) are available.
1. The gif animations should run on most systems and the file sizes are relatively small.
2. The mov animations require the QuickTime Player which is a free download available by clicking here; these file are
also small. (The mov files may not execute properly in old versions of QuickTime.)
3. The collection of animations in gif and mov format can be downloaded; see the 'bulk' zipped download category at the
bottom of the following table.
General problem
description.

Click to view the gif file.

Click to view the
QuickTime file.

Filling a conical tank.

Click to see gif
animation

Click to see mov
animation

Searchlight rotates to
follow a walker.

Click to see gif
animation

Click to see mov
animation

Filling a cylindrical tank,
two ways.

Click to see gif
animation

Click to see mov
animation

Airplane & observer.

Click to see gif
animation

Click to see mov
animation

Animation Sample

Conical sand pile.

Click to see gif
animation

Click to see mov
animation

Sliding ladder.

Click to see gif
animation

Click to see mov
animation

Raising ladder.

Click to see gif
animation

Click to see mov
animation

Shadow of a walking
figure.

Click to see gif
animation

Click to see mov
animation

Oil spill.

Click to see gif
animation

Click to see mov
animation

Rolling snowball.

Click to see gif
animation

Click to see mov
animation

Click to see gif
animation

Click to see mov
animation

Trip around an ellipse.

Opening a rectangle in a
"paint" routine.

Click to see gif
animation

Click to see mov
animation

Runner along the base
path from first to second.

Click to see gif
animation

Click to see mov
animation

Zipped 'bulk' downloads
==>

Click here to download
Click here to download
the set of animated
the set of animated gifs.
movs.

Credits: This demo was developed by
David R. Hill
Department of Mathematics
Temple University
and is included in Demos with Positive Impact with his permission.

1/02/2003

last updated 12/20/2007

Visitors since 3/22/2006

MAT 201

Calculus I Final Project

You are 6 different options. All projects will be due on Tues., May 2, 8 AM and are worth 56 points.
Late penalty: 10% off per hour.
You may do this alone or in a group of up to three people.
Option 1 – Calculus Cards
Create a deck of cards – four suits (four colors)
Each “suit” covers the material from one of the first four chapters.
Option 2 – Modeling
You are to create a 3D explanation and illustration of either related relates or optimization using 3D
models. This can be done with actual 3D models or with digital models.
Option 3 – Flow Chart for Optimization
Explain how to do optimization applications on a poster with a flow chart. This must include an
example.
Option 4 – History of Calculus Notation
In the method of your choice (poster, video, PPT, other options by approval) research and present the
background of the “war” over Calculus notation between Newton and Leibnitz. Include the different
types of notation and places we find these different notations now.
Option 5 – Book of Theorems
Chapters 1 – 4 contain a lot of theorems. Create a “book” that compiles these theorems, either by
chapter or by how they are related. Each theorem should include an explanation and an example.
Option 6 – Volumes of Solids of Revolution
Chapter 7 discusses methods for calculating the volume of solid objects using shells and washers.
Create a 3D model of one of these two methods and include an explanation of the process for shells and
washers.

MAT 201

Calculus I Final Project

Rubic
0 - Didn’t
Complete

1 - Poor

2 - Fair

3 - Good

4 - Excellent

Weight

Accuracy

Many errors
or
omissions.

Most of the
content is
accurate.

All content
throughout the
project is
accurate.

X3

Communication:
Clarity and
Sequencing of
Information

Hard to
follow the
line of
thought.

Most
information
is organized
in a clear,
logical way.

Information is
organized in a
clear, logical
way.

X4

Creativity

Project is
slightly
creative or
exhibits
minimal
quality of
work.
Hard to
connect the
different
parts of the
project;
lacking in
depth and/or
detail
Presentation
was difficult
to follow
and to
understand.

The content is
generally
accurate, but
one key piece
or several
small parts are
inaccurate.
Some
information is
logically
sequenced and
clear, but
some key
items are
misplaced or
unclear.
Project shows
limited
creativity and
standard
quality of
work.

Project is
creative and
gives the
appearance
of quality in
the work.

Project is
highly creative
and visually
appealing

X2

Includes some
essential
information
but topic is
vague or not
unified.

Includes
essential
information
but did not
elaborate on
details.

Covered topic
thoroughly.

X3

Presentation
was somewhat
difficult to
follow, or
lacking in
proper
grammar.

Presented
with clarity,
using proper
grammar. If
this was a
group effort,
someone did
not
participate.

Presented with
enthusiasm,
using proper
grammar. If
this was a
group effort,
everyone
participated in
some way.
Clear voice and
good flow
used.

X2

Depth and
Consistency

Presentation

Calculus Animations,Graphics and Lecture Notes

Optimization and Related Rates
In the coming days I'll be adding many more examples.
Home
About Kelly Liakos
Sponsors
Calculus 1- Limits and
Derivatives
Calculus 1 - The Second
Derivative
Calculus 1 and 3 Formula
Sheets
Chain Rule
Computer Lab Assignments
Conic Sections

Related Rates
Suppose there is a light at the top of a pole 50 ft high. An object is 30 feet from the base of the light
pole and is released from a height of also 50 ft. Find the rate at which the shadow is moving along the
ground.
See Animation Moving Shadow and the Moving Shadow Notes for the solution

Animation - Moving Shadow
Notes- solution to the moving shadow problem

Differential Equations
Directional
Derivatives/Gradient
Double Integrals

The following notes and animations deal with a ship and a submarine and blowing up the submarine.

Notes - The Ship and the Submarine

Equillibrium Solutions 1st
order DEs

Animation 1

1st order Diff Eqs -Motion

Animation 2

Flux Integrals and Surface
Integrals
Infinite Sequences

The following notes and animations deal with shortening and lengthening of shadows as a person
approaches or walks away from a lightpole. You may want to view the animations before the solution to
problems involving thios situation.

Infinie Series
Level Curves and Level
Surfaces
Line Integrals
Optimization and Related
Rates
Optimization for Functions
of 2 Variables

Animation-Walking toward the light
Animation-Walking awayfrom the light
Notes- Solution to Walking Towards the Light
A falling light source -one for you to do.

Parametric Equations 2space

The following animation refers to the following problem which appeared on the Mathhelp Forum

Parametric Equations 3space

(an excellent Calculus resource):

Partial Derivatives
Polar Coordinate System
Polar CoordinatesDerivatives and Integrals

\frac{1}
at t=0.
{2}gT^2
From a point on the ground which is distance a from the tower base, a stone is thrown with velocity of
vertically at the same time.
Show the velocity of the stone's shadow on the ground is 13a/(2T) when t=T/4
A light source is dropped from a height of

PreCalculus
Riemann Sums and the
Fundamental Theorem of
Calculus

In the animation I use T =6m and a = 100m

Animation - A Falling Light Source

2d order Diff EQS-Motion
2d Partial Derivatives
Supplemental Exercises
and Solutions
Tangent Planes/ Differential

The following are the solutions and animation which deals with the area between expanding concentric
circles and the rate of change of thickness of a spherical bubble. Again you may want to view the
animation first.

Notes - Expanding Circles and Spherical Bubbles

for f(x,y)

Animation-Expanding Circles

Trigonometry
Trigonometry Applications
Triple Integrals
Unit Tangent Vectors/Unit
Normal Vectors

Notes - A Ferris Wheel Problem
Animation- Ferris Wheel
Related Rates and Running Down the Beach

Vectors in General
Vector Valued Functions

Animation-Running down the Beach

Visualizing Limits of
Functions of 2 Variables

The following are my notes and animations on related rates problems involving baseball.

Work
Links
Special Topics

Note we can also use this format for related rate problems involving planes, boats, and cars traveling
on different bearings

Notes - Related Rates- A Baseball Example

Scratch Paper
2 Poems

Animation-3rd Base
Animation-2d Base
Optimization
The following are my notes and animation on the optimization problem -a bird flies home.

Notes - A Bird Flies Home
Animation-A bird flies home
The following notes and animations deal with projectile motion.
The notes solve the problem of what firing angle maximizes the range of a projectile fired from ground
level.
We first solve the problem if the projectile is fired on flat ground. The seond deals with firing the
projectile up a ramp.
The animations correspond to these 2 situations.

Notes - Maximizing the Range of a Projectile
Animation - Projectile Fired on Level Ground
Animation - Projectile Fired up a Ramp
The following notes and animation deal with minimizing the distance from a point to an ellipse.

Notes-Minimizing the distance from a point to an ellipse
Animation-Minimum distance from a point to an ellipse
The following notes and animations use the product rule to find the maximum and minimum heights of
a mass on a spring where air resistance decreases the amplitude--this is known as the damped
harmonic oscillator.

Max and Min Values of a Damped Mass on a Spring
Animation-No Damping
Animation-Damped Motion

Minimization of Area
Let y1(x) = a3x2 - a4x and y2(x) = x
a. Find the value of a minimizes the area
b. What is the minimum area?

Solution to Area Minimization Problem
Find the minimum area of the triangle formed by the tangent line to
f(x) = x2 +2 at (a,f(a)), the x axis and the line segment from the point (a,f(a))
to the point (4,0) For 0 < a < 4
See the Animation Triangle

Animation Triangle
Solution to Triangle Problem
The Smart Bunny-A very short story by Kurt Vonnegut Jr.
©2008-2010 Kelly Liakos
Send an email regarding this site to Connie Liakos Evers, Kelly's sister (no math questions, please).

Do you find this site useful? If you would like to continue to access these animations,
lesson and files, please consider a small donation. Thank you from Kelly's family!

OPTIMIZATION INTRODUCTORY ACTIVITY
1.
A cone has a volume of 231 𝑖𝑛3, which is 1 gallon.

1a

1b

693
h 2
r

Find a function that gives its radius in terms of its
height.

h

231
3r 2

(Hint: The volume of a cone is given by 𝑉 =
1
𝜋𝑟 2 ℎ )
3
2.
A rectangle with sides of length l and width w has a
perimeter of 400 yards. (For example, if the length l
is 50 yards, then w = 150 yards and the area 𝐴 =
7500𝑦𝑑2 ).

2a

2b

A

400
l

A  l (200  l )

Write a function that gives the area in terms of l.
What is the domain of your answer?
3.
The product of two numbers n and m is 100, and n
must be positive. (For example, n = 20 and m = 5).

3a

3b
100
S  n
n

S  n(100  n)

Write a function that gives their sum in terms of n.

4.
A farmer has 2400 feet of fencing and wants to use it
to fence off a rectangular field; he wants to find the
dimensions that yield the largest area.

4a

4b

Primary : A  1200l  l
Secondary :1200  l  w
2

Primary :1200  l  w2
Secondary : A  1200l  l 2

Find the primary and secondary equations needed to
solve the problem.
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OPTIMIZATION INTRODUCTORY ACTIVITY
5.
A farmer wishes to fence off a total rectangular area
of 1500 square feet. He wants to use the minimum
amount of fencing.

5a

5b

Primary : lw  1500

3000
Primary : P 
 2w
w
Secondary : lw  1500

Find the primary and secondary equations needed to
solve the problem

Secondary : P 

3000
 2w
w

6.
A square-bottomed box with no top has a fixed
volume of 500 𝑐𝑚3 (1/2 Liter). A manufacture wants
to minimize the surface area in order to keep the
production cost low.

6a

6b

A  2x2 

2000
x

A  x2 

2000
x

Write the primary equation needed to solve the
problem.
7.
As in the previous problem, a square-bottomed box
with no top has a fixed volume of 500 𝑐𝑚3 (1/2
Liter). But this time the material for the bottom costs
$2 per 𝑐𝑚2 while the sides cost $1 per 𝑐𝑚2 . As a
customer, you are interested in dimensions yielding
the minimum cost.

7a

7b
C  2x 2 

2000
x

7c

C  2x2 

4000
x

C  x2 

4000
x

Adjust the primary equation from the previous
problem to account for the cost.
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OPTIMIZATION PROBLEM-SOLVING STRATEGY

STEP 1: Read and understand the problem.
DRAW a picture or diagram, whenever
 Make a sketch.
possible.
 Organize the information.

ASSIGN variables to represent unknown
quantities.

 Label the quantities in the sketch.

IDENTIFY the given quantities and what
is to be found.

STEP 2: Think of a plan.
WRITE a primary equation that
represents the quantity to be maximized
or minimized.

 Find a connection between the given information and
the unknown.

REDUCE the primary equation so that it
involves only one independent variable.

 Set up a secondary equation if needed, relating the
independent variables in the primary equation.

STEP 3: Carry out the plan.
SOLVE using calculus techniques to find
the maximum or minimum of the desired
quantity.
VERIFY that a maximum or minimum is
obtained.

STEP 4: Look back.
CHECK your work.

STATE the conclusion in the context of
the problem.

 Double-check each step.
 Keep an organized written record of your work.
 Assess your strategy as you work; if you find a flaw,
return to Step 2 and revise your strategy.
 Use the First or Second Derivative Tests for Relative
Extrema or the Extreme Value Theorem.

 Look back over your solution.
 See if any errors have been made.
 See if you can discover an easier way to solve the
problem.
 Make a CONCLUSION (use a sentence) in the context of
the problem.
 Include appropriate units of measurement.

OPTIMIZATION GUIDED PROBLEM
Bundled in your safari gear, you stumble upon a pack of hungry hyenas. You can run at 3 m/sec
on the road, but at only 1.5 m/sec in the grass. What is the fastest route to the Jeep?

1. Draw/Assign/Identify

Grass

15 m

6m
x

189  x

Road

2. Write a primary equation/Reduce to 1 independent variable

3. Solve using calculus/verify max or min

4. Check/State conclusion

READ the problem slowly
and carefully.
DRAW a picture, table or diagram,
whenever possible.
ASSIGN variables to represent
unknown quantities.
WRITE an equation that expresses the
relationships between the variables.
SOLVE the equation(s).
CHECK your work.
STATE your conclusion.
Polya Problem-Solving Introductory Activity

Cut into strips and remove the lines

RELATED RATES AND OPTIMIZATION ACTIVITY
INSTRUCTIONS: Place the strips in order under the appropriate problem using Polya’s problem-solving strategy.
What is the maximum volume of a right
circular cylinder that can be inscribed in a
sphere of radius R  36.45in ?

(HINT: The volume of a cylinder is given by V  r 2 h. )

The surface area A and volume V of a spherical balloon are
related by the equation A3  36V 2 where A is in square
inches and V is in cubic inches. If a balloon is being inflated
with gas at the rate of 13 cubic inches per second, find the rate
at which the surface area of the balloon is increasing at the
instant the area is 1855.12 square inches and the volume is
117,150.98 cubic inches. (Use  = 3.14 to approximate the
result.)

RELATED RATES AND OPTIMIZATION ACTIVITY

Cut into strips and remove lines so it doesn’t show along edges

10.

5.

7.

12.

6.

2.

9.

8.

1.

11.

13.

4.

3.

Can You Find the Mistakes in These Related Rates Solutions?
Each of these problems contains one of the common mistakes in solving related rates problems.
These include the following:






Incorrect units on the answer
Plugging in the values BEFORE taking the implicit derivative
Switching increasing and decreasing
Solving for the incorrect rate of change
Taking an incorrect implicit derivative

1. A 13 ft ladder is leaning against a house when the base starts to slide away. By the time the
base is 12 ft. from the house, the base is moving at a rate of 5 ft/sec. How fast is the top of the
ladder sliding down the wall then?
h

13

h = height

dh
 ??
dt

b = base

db
 5 ft/sec.
dt

b 2  h 2  132
b

12 2  h 2  132
h  5 ft

b 2  h 2  132
db
dh
 2h
0
dt
dt
dh
2(12)( 5)  2(5)
0
dt
dh
120  10
0
dt
dh
 12
dt

2b

The ladder will be sliding down the wall at 12 ft/sec.
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Can You Find the Mistakes in These Related Rates Solutions?
2. Water runs into an inverted conical tank at a rate of 9 ft3/min. The tank has a height of 10 ft. and a
radius of 5 ft.
How fast is the water level rising when the water is 6 ft. deep?

1
r  h , so when h = 6 ft, r = 3 ft
2

1
1
2
V   r 2 h   r 2  2r    r 3
3
3
3
dV
dr
 2 r 2
dt
dt
dr
9  2  32 
dt
dr
1

 .16
dt 2
The water level is rising at .16 ft./min.

3. Sand falls off of a conveyor belt at a rate of 10 m3/min onto the top of a conical pile. The
3
height of the pile is always
of the base’s diameter. How fast is the radius changing when the
8
pile is 4 m high?
d  2r

3
3
3
h  d   2r   r
8
8
4
4
r h
3
So when h = 4, r 

1
4
V   r 2h   2  4   r 2
3
3

16
3

dV 8 dr
 r
dt 3
dt
8  16  dr
10    
3  3  dt
dr
 .22
dt

The radius is increasing at approximately .22 m/min.
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Can You Find the Mistakes in These Related Rates Solutions?
4. At noon, ship A is 100 km west of ship B. Ship A travels south at 35 km/hr. Ship B travels
north at 25 km/hr. At 4 PM, how fast is the distance between them changing?

In 4 hours
A  4(35)  140
B  4(25)  100

 A  B

2

 A  B
km

2

 1002  d 2

dd
 dA dB 
2

  10, 000  2d
dt
 dt dt 

 1002  d 2

240  100  d
d  260
2

2

2  35  25   10, 000  2(260)

2

10,120  344

dd
dt

dd
dt

dd
 19.5
dt
They will be moving apart at a rate of 19.5 km/hr.

5. A spherical snowball with an outer layer of ice is melting. As it melts, when the radius is
1
decreasing at a rate of
cm/min, how fast is the volume of the snowball changing when the
50
diameter is 10 cm?

dr
 .006 cm/min.
dt

4
V   r3
3
dV
dr
 4 r 2
dt
dt
dV
 4  52   .006 
dt
dV
 1.9
dt

The volume is decreasing at 1.9 cm/min.
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RELATED RATES PLACEMAT ACTIVITY
Description

Water is being drained from a right
cylindrical container. The height is
decreasing at a rate of 2 ft./min. How
fast is the volume changing when the
height in the container is 2 ft.?

A conical tank is leaking water at a
constant rate of 2 cubic feet/min. The
radius of the tank is 5 ft. and the height of
the tank is 14 feet. At what rate is the
depth of the water in the tank changing
when the depth of the water is 6 feet?
If the radius of a cone is a constant and
the height increases at a constant rate of
1/2 foot per second, at what rate is the
volume increasing when the height is 9
feet and the radius is 6 feet?

The height of a cylinder is increasing at 7
ft./min. and the surface area is increasing
at 2 square feet per min., how fast is the
radius changing when the cylinder is 5 ft.
high and has a radius of 6 ft.?

Sketch

Find

Given Rate

Given Rate With Units

Find 𝑑𝑉
𝑑𝑡

𝑑ℎ
=
𝑑𝑡

𝑑ℎ
Find
𝑑𝑡

𝑑𝑉
=
𝑑𝑡

𝑑𝑉
Find
𝑑𝑡

𝑑𝑟
=
𝑑𝑡

0 ft.⁄min.

𝑑𝑟
𝑑𝑡

𝑑𝐴
=
𝑑𝑡

2 ft.2 ⁄min.

Find

Related Rates Placemat Activity-Cards

−2 ft./min.

−2 ft.3 ⁄min.

Cut into cards and remove the lines around the edges so it doesn’t show with the cut

RELATED RATES PROBLEM-SOLVING STRATEGY (GUIDED PRACTICE)
STEP 1
READ the problem slowly and
carefully.

Instructions
Determine what quantities and rates GIVEN:
are given and precisely what is to be
found.
FIND:

DRAW a picture, table or diagram,
whenever possible.

Make a sketch and organize the
information.

ASSIGN variable expressions to
represent unknown quantities that
are functions of time.

 Introduce variables for the
quantities that change with respect
to time in the problem.
 Label the changing quantities in
the sketch.
 State the known and unknown
rates.

WRITE an equation that expresses
the conditions/relationships between
the variables whose rates of change
either are given or are to be
determined.

Example

STEP 2
 Write down known formulas that
relate the variables in the problem.
 If necessary, use the geometry of
the situation to eliminate one of the
variables.
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STEP 3
DIFFERENTIATE implicitly both
sides of the equation with respect to
time.
*NEVER substitute before
differentiation.
Exception: quantities which do not
change with respect to time.
SUBSTITUTE into the resulting
equation all known values for the
variables and their rates of change.

Instructions
 Use the Chain Rule to implicitly
differentiate both sides of the
equation with respect to time.
 Substitute AFTER differentiation.
 Check your work after each step.
 Keep an organized written record
of your work.

 You may need to find any missing
information.

Example

“FREEZE” at …

 “FREEZE the picture” at the given
instant and find missing quantities.

SOLVE for the unknown rate of
change.

STEP 4
Instructions

Example

CHECK your work.
STATE your conclusion.

 Make a CONCLUSION (use a
sentence) in the context of the
problem.
 Include appropriate units of
measurement.
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RELATED RATES PROBLEM-SOLVING STRATEGY
STEP 1: Read and understand the problem.
READ the problem slowly and carefully.

 Determine what quantities and rates are given
and precisely what is to be found.

DRAW a picture, table or diagram, whenever
possible.

 Make a sketch and organize the information.

ASSIGN variable expressions to represent
unknown quantities that are functions of
time.

 Introduce variables for the quantities that
change with respect to time in the problem.
 Label the quantities in the sketch.
 State the known and unknown rates.

STEP 2: Think of a plan.
WRITE an equation that expresses the
conditions/relationships between the variables
whose rates of change either are given or are
to be determined.

 Write down known formulas that relate the
variables in the problem.
 If necessary, use the geometry of the situation
to eliminate one of the variables.

STEP 3: Carry out the plan.
DIFFERENTIATE implicitly both sides of the  Use the Chain Rule to implicitly differentiate
equation with respect to time.
both sides of the equation with respect to time.
 Substitute AFTER differentiation.
*Never substitute before differentiating.
 Check your work after each step.
Exception: quantities which do not change
 Keep an organized written record of your
with respect to time.
work.
SUBSTITUTE into the resulting equation all
known values for the variables and their rates
of change.

 You may need to find any missing information.
 “Freeze” a picture at a given instant.

SOLVE for the unknown rate of change.

STEP 4: Look back.
CHECK your work and answer.
STATE your conclusion.

 Make a CONCLUSION (use a sentence) in the
context of the problem.
 Include appropriate units of measurement.

STEP 1
READ the problem slowly and
carefully.

Comments
Example
Determine what quantities and rates GIVEN:
are given and precisely what is to be
found.
FIND:

DRAW a picture, table or diagram,
whenever possible.

Make a sketch and organize the
information.

ASSIGN variable expressions to
represent unknown quantities that
are functions of time.

 Introduce variables for the
quantities that change with respect
to time in the problem.
 Label the changing quantities in
the sketch.
 State the known and unknown
rates.

STEP 2
WRITE an equation that expresses
the conditions/relationships between
the variables whose rates of change
either are given or are to be
determined.

 Write down known formulas that
relate the variables in the problem.
 If necessary, use the geometry of
the situation to eliminate one of the
variables.

STEP 3
DIFFERENTIATE implicitly both
sides of the equation with respect to
time.
*NEVER substitute before
differentiation.
Exception: quantities which do not
change with respect to time.
SUBSTITUTE into the resulting
equation all known values for the
variables and their rates of change.

 Use the Chain Rule to implicitly
differentiate both sides of the
equation with respect to time t.
 Substitute AFTER differentiation.
 Check your work after each step.
 Keep an organized written record
of your work.

 You may need to find any missing
information.
 “FREEZE the picture” at the given
instant and find missing quantities.

SOLVE for the unknown rate of
change.

STEP 4
CHECK your work.
STATE your conclusion.

 Make a CONCLUSION (use a
sentence) in the context of the
problem.
 Include appropriate units of
measurement.

FREEZE at …

