Accuracy of Medical Testing
Despite all the gains of science in our lifetimes, lab tests are still not perfect 100% of the time.
Sometimes samples are switched accidentally. Sometimes the substance tested for is present but at too
low a level for the test to register. Sometimes there is another factor interfering, such as you sometimes
hear of people failing drug tests from having eaten poppy seeds. While rare, many things can go wrong,
and when your test results will have a major impact on your life, it is important to understand these
issues and interpret the results accordingly.
Each type of test has several values that describe how well they work. Two of these are sensitivity and
specificity. They are calculated empirically by the test manufacturer before the test can be used by labs.
Sensitivity is the test’s ability to correctly identify samples with the specified condition. For example, if
a sample comes from a patient that truly has cancer, how often will the test catch it? A test with 99.7%
sensitivity will correctly identify a patient with cancer 99.7% of the time. 0.3% of patients with cancer
will have a false negative result: the lab will say that the patient does not have cancer, but the lab is
wrong.
Specificity is the test’s ability to correctly identify samples that to not have the specified condition. For
example, if a sample comes from a patient who does not have cancer, how often will the test reflect
this? A test with a 92% specificity will correctly identify 92% of cancer-free patients, but 8% of patients
who do not have cancer will get a bad scare, a false positive.
There are many reasons why doctors and patients need to be aware of this. Medical treatments are
expensive and can be dangerous if the patient doesn’t actually have the condition being treated. Tests
with a low specificity need to be redone before treatment begins to help catch false positives.

Example: A surprising (but common) result
For a typical drug urine test, sensitivity is 38.2% and specificity is 98.8%. It seems at first glance that a
non-user is unlikely to have a positive result and shouldn’t worry. But when we consider what portion
of the population uses drugs, a surprising result emerges.
Jenn manages a chain of clothing shops with a total of 276 employees. She has decided to have her
employees randomly take drug tests so that she can maintain a drug-free work environment. She knows
that in general, 8% of people who work in retail use illegal drugs and 92% do not. When the test results
come back, she is surprised and saddened to see that Clarissa, one of her best employees, had a positive
result. The test has a high specificity. Should she fire Clarissa? Let’s look at the overall numbers.
8% of Jenn’s employees can be assumed to be drug users. 8% of 276 is 22 people.
Of those 22 illegal drug users, 38.2% of them will have a positive result: 22 * .382 = 8.4 or 8 people. The
drug test catches 8 drug users. These are true positive results.

The remaining users will have a negative result: 22-8 = 14. Fourteen of Jenn’s employees use illegal
drugs but the test doesn’t catch them. These are false negative results.
92% of Jenn’s employees can be assumed to not use illegal drugs. 92% of 276 people is 254 people.
Of those 254 people, the test correctly identifies 98.8% of them as not using drugs. 98.8% * 254 is 251
people. These are true negatives.
The remaining non-users have a positive test result due to errors in testing. 254 – 251 = 3 people.
These people who are falsely accused are false positives.
Positive Test Result

Negative Test Result

Uses Illegal Drugs

8

14

Does not use Illegal Drugs

3

251

A total of 11 employees were identified by the test as using drugs, but three of those people are actually
innocent. Written as a probability, 3 out of 11 or 27.3% of the positive test results are false accusations.
Jenn needs to take this into consideration when deciding what to do with the results. She may want to
retest employees before firing them so as to avoid losing good employees over a lab mistake. Or she
may decide that retesting everyone with a positive result is too expensive and she would rather let
Clarissa go. But at least knowing how this works she can make an informed decision.
The main thing to remember is that lab tests results are not always correct. If it says you have cancer, it
might be wrong – and whether or not you actually have cancer or some other disease does not change
as a result of the lab test. It is better to have a correct lab result than one that says you are healthy but
is incorrect.

How Worried Should I Be? An analysis of medical test results
Objective: Given the sensitivity and specificity of a test, and actual rates of a condition in the tested
population, students will be able to create a chart of the test results showing true and false positives
and negatives. Given a particular test result, students will be able to state the probability of the result
being correct or incorrect. Students will then be able to consider these results when making a decision.
You’ve found an odd mole growing on the inside of your elbow. You’d rather not think about it, but a
close friend encourages you to have a doctor look at it. You feel better when you look online and see
that only about 1% of atypical moles are cancerous. But just in case, you make an appointment with a
doctor. The doctor thinks the mole is suspicious and orders blood to be drawn for two tests, and it takes
a few days for the lab results to come back.
While waiting for the lab results you look up the reliability of the tests the doctor ordered.
Test A has a sensitivity of 38.8% and a specificity of 99.9%
Test B has a sensitivity of 86.2% and a specificity of 93.7%
1.
Make charts for each test showing how many patients, out of 1000, you would expect to have a
true positive, a false positive, a true negative, and a false negative.

Test A

Positive Test Result

Negative Test Result

Total

Mole is cancerous
Mole is benign
Total

Test B

1000

Positive Test Result

Negative Test Result

Total

Mole is cancerous
Mole is benign
Total

1000

2.

If a patient receives a positive result from Test A, what is the probability that the mole is
cancerous? (divide the number of true positives by the total number of positives)

3.

If a patient receives a negative result from Test A, what is the probability that the mole is
actually cancerous?

4.

If a patient receives a positive result from Test B, what is the probability that the mole is, in fact,
cancerous?

5.

If a patient receives a negative result from Test B, what is the probability that the mole is
actually cancerous?

After receiving your test results, you and your doctor need to decide on a course of action. There are
three possibilities:
a.

Interpret the results to mean you are cancer free. Go home! All is well!

b.

Redo one or both tests for confirmation; look for other means to diagnose.

c.

Interpret the results to mean you have cancer and determine a course of treatment.

For each of the test result combinations below, decide which course of action you think would be most
reasonable, all else being equal (we know you are not a doctor). Write a sentence to explain your
decision.

6.

Test A – positive; Test B – positive

7.

Test A – positive; Test B – negative

8.

Test A – negative; Test B – positive

9.

Test A – negative; Test B – negative

Proportions in Political News: Apportionment and Gerrymandering
1. In the 2016 Congressional races in North Carolina, 2,447,326 people voted for a
Republican candidate and 2,142,661 people voted for a Democratic candidate.
a. What is the total number of people who voted for a major-party candidate?
b. Of the people who voted for a major-party candidate, what percentage
voted for a Republican?
c. Of the people who voted for a major-party candidate, what percentage
voted for a Democrat?
d. Write a complete sentence describing what you would expect for the
percentage of elected congress members from each.

2. As of the 2016 elections North Carolina has 13 congressional delegates, three of
which are Democrats and ten of which are Republicans.
a. What percentage of NC congress members are Republican?
b. What percentage of NC congress members are Democrats?
c. How do your previous two answers compare to what you wrote in the first
question. Do you think this is fair? Why or why not?

3. Given that in 2012 49% of all votes cast for the US House of Representatives were
votes for Democrats, and 47.4% of people voted for Republicans, guess what the

average margin of victory was for the winner (e.g. by what percent did the winner
win?).
a.
b.
c.
d.
e.

Less than 2 percentage points
2 to 5 percentage points
6 to 10 percentage points
11 to 20 percentage points
More than 20 percentage points

4. Once your instructor tells you the actual answer to question 3, discuss with your
neighbor how the average margin of victory might relate to the disparity that you
wrote about in question 2. Write a sentence or two describing your conclusion
here.

5. The “map” below represents a simple state with 64 voters. Red houses belong to
people who usually vote for Republicans, and blue houses belong to people who
usually vote for Democrats.
Suppose the state must be divided into 8
congressional districts and each district must
have the same number of voters. Based on
the overall number of Democratic and
Republican voters, how many congressional
seats would you expect each party to win
with a fair map?

6. Study the congressional districts drawn below and use this map to answer the
following questions:

a. Based on the district boundaries drawn, how many of the districts would
be represented by a Republican, and how many by a Democrat?

b. How many of the districts do you think are “strongly Democratic” where
the Democratic candidate is virtually guaranteed to win, even if a small
proportion of the district’s voters cross party lines?

c. How many of the districts do you think are “strongly Republican”?

d. How many of the districts “lean Democrat”, so that if everyone votes their
usual party the Democrat will win, but if a small proportion of voters
switch parties the Democrat can lose?

e. By the same measure, how many of the districts “lean Republican”?

7. Suppose you are in charge of redistricting (drawing new district boundaries) and
you want to draw fair maps so that the elected leaders actually represent the
people in the state. Experiment with various possible boundaries using light
pencil, then ink in one that you think is fair.

8. Suppose it is the Republicans’ turn to draw district boundaries, and they have
hired you to draw boundaries that will maximize the number of Republicans
elected. Experiment with various maps and then ink in the one with the most
Republican districts. How many representatives of each party will the map likely
elect?

9. Look back at your results in the first question. Now that you know a bit about how
the district boundaries can be drawn to favor one party or the other, explain the
discrepancy between the percentage of votes cast for each party and the
percentage of congress members elected from each party.

For further reading on this topic, check out this article:
https://www.washingtonpost.com/news/wonk/wp/2014/06/03/this-computerprogrammer-solved-gerrymandering-in-his-spare-time

Why is My Car Insurance So Expensive?
Angela is a young adult who has just moved out on her own. She knows how much her dad paid for car
insurance, so she is shocked to find out that her own insurance will be much more expensive. She asks
her insurance agent why the price is so different, and this is what she finds out.
The insurance company needs to charge high enough premiums (what the amount we pay is called) to
be able to pay out claims and to pay their overhead, such as employee salaries, office rent, and other
business expenses. They collect vast amounts of data and use that to calculate the average (expected
value) claim payout for someone with your risk factors. They use that to calculate your premium:
Average claims for someone like you + Average overhead costs per customer = Your premium
Assume the average overhead cost per customer is $100
Before you turn the page to see the data, think about the following risk factors and why you think each
of these might affect the likelihood that you will have to file an insurance claim.
1.
2.
3.
4.
5.
6.

Age
Gender
Marital Status
Past tickets and accidents
Whether you live in an urban, suburban, or rural area
Commute distance to work or school

Source: Insurance Institute For Highway Safety

A simplified set of data that approximates current insurance costs for someone with no risk factors:
Claim Payout
$1,000,000
$100,000
$50,000
$10,000
$5,000
$1,000
Total

*
*
*
*
*
*

Base Probability of Claim
0.00007
0.0005
0.0008
0.008
.015
.065

=
=
=
=
=
=

Contribution to Premium
$70
$50
$40
$80
$75
$65
$380

For a person with no risk factors, their 6-month premium would be the sum of the right column plus the
average overhead cost or $380 + $100 = $480. That’s $80 per month.
Risk factors affect the probability of specific claim amounts. These become complicated for people with
more than one risk factor, so we will only look at people with one risk factor (for multiple risk factors,
you would multiply the base probability by ALL the listed values that apply).
Age
Gender
Marital Status
History
(past 7 years)
Location

Commute

18-25: multiply base probability x 3 for all claim amounts
26-69: no change
70 + : base x 2 for $10k, $50k, $100k claims
Female: no change
Male : base x 1.15 for $50k, $100k, and $1M claims
Single: no change
Married: base x 0.9 for $50k, $100k, $1M claims
No tickets or accidents: no change
For each ticket: base x 1.1 for $50k, $100k, and $1M claims
For each accident: base x 1.3 for $50k, $100k, and $1M claims
Rural: base x 0.8 for $1k, $5k, and $10k claims
Suburban: no change
Urban: base x 1.2 for $1k, $5k, and $10k claims
0 – 10 miles: no change
10 – 30 miles: base x 1.1 for $50k, $100k, and $1M claims
30+ miles: base x 1.3 for $50k, $100k, and $1M claims

Example: A person whose only risk factor was a 40 mile commute would need to modify their
probabilities for the $50k, $100k, and $1M claims as shown:
Claim Payout
$1,000,000
$100,000
$50,000
$10,000
$5,000
$1,000

*
*
*
*
*
*

Base Probability of Claim
0.00007 * 1.3 = 0.000091
0.0005 * 1.3 = 0.00065
0.0008 * 1.3 = 0.00104
0.008
.015
.065

Hence their 6-month premium would be $428 + $100 = $528

=
=
=
=
=
=

Contribution to Premium
$91
$65
$52
$80
$75
$65

Angela is 21, female, single, with no tickets or accidents, and lives in a suburban area 8 miles from her
college. Thus her only risk factor is her age.
1. What is the probability she will get in a car accident requiring the insurance company to pay a
$1,000,000 claim during this six-month premium period?
2. Fill in the rest of the probability column the same way you found the probability of the
$1,000,000 claim, and then multiply across the rows.
Claim Payout

Probability of Claim

Contribution to Premium

$1,000,000

*

=

$100,000

*

=

$50,000

*

=

$10,000

*

=

$5,000

*

=

$1,000

*

=

3. What is the expected value that the insurance company will have to pay in claims for someone
with Angela’s risk factors every six months?

4. What is Angela’s six month premium?

5. If this insurance company has 82,000 customers in Angela’s demographic, how much is the
insurance company paying every six months in claims for her demographic? How much are they
collecting every six months? How much is left to cover overhead expenses?

Erica is 38 and single. She caused a bad car accident two years ago and she lives downtown near her
office, so she doesn’t have to drive to work. Erica has two risk factors, but they affect different claim
probabilities, so we can still calculate her premium.
1. Calculate the probabilities for each type of claim using the risk factor data:
Claim Payout

Probability of Claim

Contribution to Premium

$1,000,000

*

=

$100,000

*

=

$50,000

*

=

$10,000

*

=

$5,000

*

=

$1,000

*

=

2. What is the expected value that the insurance company will have to pay in claims every six
months for someone with Erica’s risk factors?

3. What six month premium will Erica have to pay?

4. If this insurance company has 95,000 customers in Erica’s demographic, how much is the
insurance company paying every six months in claims for her demographic? How much are they
collecting every six months? How much is left to cover overhead expenses?

5. If Erica hadn’t been in that accident, what would her 6-month premium be instead?

Challenge: Try calculating your own insurance premium using this metric. How does it compare to your
actual car insurance costs?

Dean’s New Car Lab
Dean is planning to purchase a car for $28,560. He has 12% to put down and can finance the
remainder for 5 years. He can get a loan at 2.14% APR.

1. What is the amount of Dean’s down-payment?
2. What is the loan amount that Dean will be financing?
3. What will his monthly payments be on the car loan?
4. What is the total amount Dean will pay for his car if he finances the purchase?
5. How much interest will Dean pay the creditor over the life of the loan?
6. Since Dean has the down payment amount already, if he puts that in a money market
savings account with the APR of 3.5% what amount would he have to deposit each month
to have the full $28,560 cost of the car so he could pay cash for it in five years?
7. If Dean saves up to pay cash for his car (as calculated in question #6) instead of financing it
what will be the total that he has to deposit into the savings account to accumulate the cost
of the car?
8. How much less will Dean pay for the car if he saves up to pay cash for his car instead of
financing it?
9. If Dean puts the down payment amount in his savings account, and then he deposits the
payment amount from question #3 in the account each month, how long will it take for him
to save up for the car?
10. Write several paragraphs discussing the advantages and disadvantages of both methods.
Explain the reasons that a person might choose to finance a car, and the reasons that a
person might choose to save up for a car. If you were in Dean's position, what would you do
and why? Type your page length, double spaced essay; use correct English and
mathematical language. [Type up your essay for #10 in a Word document and upload it
using the Blackboard submission link]

Misleading Graphs
In a short paragraph, explain why each of these graphs is misleading.
1. A group opposed to the legalization of marijuana used the graph below to claim that use of marijuana has increased
substantially in the last few years.

2. The graph to the right shows the results of an
opinion poll.

3. The graph below shows gun deaths in Florida.
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5. This is a screen shot of a CNN broadcast.
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4. The average daily high temperature in Raleigh for each month of 2012 was recorded and the following graph was
created.

